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The dissertation comprises five chapters, Chapter 1 gives
e gem rel introduction to the quantumemechenicel problem of the
spatisl correlation effect in two- end menye electron etoms and
the emergotic consequences thereof, A =murvey 18 made of the
various conventional appromches to the problem of electronic
correlation in etoms, such a2 superposition of configurstions,
different orbitals for Aiffwrent spins, wswe ‘unction conteinirg
correletion fectors end the other similar modificetions of the
weve function, snd their relative meesures of success,

The underlying assum)tion of the velidity of Coulomb law
for electricel poimt charges right u to distences on the etonmic
scele, whore it diverges, is menifestly ststed. An a'priori
essertion is mede that the physical lews of nsture do not admit
such singulerities end, as such, the latter must be regulariscd
ewey in eny phyeicel theory., Accordingly, the so=-gslled coric-
letion error is ettributed to the divergent cherscter of the
Coulomb potemticl, An agcount of the possible modificetions
of the Coulomb potential suggested by some workers on differert
grounds is given,

Next, the significence of eny departure, however amell,
fronm the Coulombic form is brought out for the atomic fince
structure effects ( Lemb-ghift ) in hydrogen-like etoms,
inasmuch es the eccidentel degonersecy ( e.z. of the
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®3/, end the “ry . stetes ), peculiar to the Coulomb
potential is removed, Finally, & brief sccount of the
variastionral technique end the Hertree-lock (H-I ) procedure
haes been comprised in for the sdte of completeness end loter

reference,

In chapter ? a formel derivation of the modified Coulomb
potential is considered, which is based on a natural cut-ofs
procedure, The letter tokes into eccount the inherent quantume
mechanicel uncerteinty in the definition of position in the
physicel space, Tormelly, this could be interpreted as an
upper cut=off for the weve-vector megnitude in the reciproceal
@eace, This truncetion procedure lesds to e potentiaml, which
epprosches the modified Coulom: potemtisl of Lande? end Lende®
end Thomes agymptoticelly for very small as well as very large
disterce of epproach,

Caspter 3 deals with the s ecific yroblem of evaluating
the ground stete ( spinesinglet ) energies of the He- like
oystems ( for nuclear cherge mumber é = 1 t0 2 = 6 ), Only
one-variat ionaleparemeter weve function is used along with
the modified Coulomu potentiaml in the form

e.e - T
i
In the sboence of eny objective criterion knmown for ascerteining

the precise numericrl velue of the cuteofs peremetor @, ¢ Qn
utimto,d’ 0f 1%t 13 mede besed on some physicel reamsonings,
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In perticuler, the nucleer chorge dependence of %o is arrived
et in a simple logical menmner, A comparison is drewn between
the ground stete energy eigen-velues thus oteined end those
obteined from He! method, cnd other veristional methods using
meny- paremeter correleted wave functions and, of course, assun-
ing the Coulomb lew, The improverent in eech essSe is cleerly
mdicntod.

In section 2 of the chapter , similer celculetions ere
carried out for the excited states (egein syin-sin-let states).
This is eccomplished by meking the excited stete correlated
weve function orthogonal to the ground stete weve functions,
obtained in section 1 of the chapter 2, @s well as to the emeigy-
wise intermedisote stetes ( e.g. 18-28 state ), Energy velues,
thus otted ned are, however, found to be much too high, It is
found thet independeont variation of the correleted excited stote

wave ‘unction yields much better results,

In chepter 4§ 1s derived an expression for the eplitting
of the otherwise degenerate energ’ levels (n 231 /20 n 2?.‘ /2 )
in hydrogen=like atoms, A first order perturbetion caleculetior
is made in which the Yukewa componert of the modified potentisl
has been trested as & perturbetion, The validity of the 1st
order perturbetion g¢slculetion is discussed, The nucleer cherre
end the principle quentum number dependence thus obteined is
ghown to be in accord with the findings o< Tethe besed on
redistive corrections, Lemb-shi<ts ( 4B(n “% 3= aB(n 7y ,) )
celculetions on the basis of the modified Coulomb potentiasl
are shown to sgree fairly well with the experimental velues
for the excited stutes of Hy He ( form = 2, 3, 4 ) with a



suyiteble choice of the paremeter cognd physicel besis of the
choice is indiested,

Chyxpter 5 concludes the thesis with =ome reflections
oa the physicel origin of the modificetions introduced in the
preceding chepter, In particuler, it is ovserved that the
modificetion of the Coulomb Law ( i.e. sy { @ ) een be
adduced fron the quantumemechanicel uncerteinty in the defi-
nition of the ieletive position mssocieted with a given pair
of particles end the concommitant restriction on the extension
of the reciprocal spece, Thus, @ pleusibility of relating e 5
to the reciprocel of some mssocisted Compton length is affirmed,
dome many=-body theoretic aspects of the modified Coulomb lew
( the Yukawe term ) ere elso anelysed,

A #till novel interpretetion of the modificd Coulomdb law
is conjectured in terms of & redisl Merkovin process, coupled
with an assumed stochestic neture of the gauge inverisnce o<
the first kind,

A brief discusaion o7 the results obteined in the
precegding chepters is included,



Slectroniec correletion in meany-glectron stoms,
molecule 8 end metels ( rogerded as noneidesl electron gas )
is a welleknown kinetic oﬁoﬂ.‘ This 18 ceused by the
Coulonmb repulsion ( oz/r“ ) between electrons, It makes
en energy contribution comparsble to the self-energy of
the non-interscting electron system, The largemess of the
correletion effect is due, of course, to the relatively
lerge charge-to-ness retio of the electron, The latter is
regarded as e negetively charged point mess,

The term correlstion in two-end manyebody systens
denotes, in generel, a constraint on the relestive motion of
the otherwise inde endently moving perticles in the configure-
tion spsce, Thus, the consutreint mey be purely kinematic,
or purely dynemicel, As en exemple of the former, we have
the qusntum-mechanicel constraint of complete entisyrmetry
of the meny-fermion weve function, due to the exclusion
prineciple, %This forbids coincidences in the configurstion
spece, The letter comp:ises the syin as well es the orbital
coordinectes, A notsble festure of such e kinemetic correle=-
tion is thet no corresponding term sppecrs explicitly in the
Hemiltonien of the system, end still it hes none-trivisl
energetic consequences, It is effectively incorporsted in
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in the wave function through proper entisymmetrisation, e.g.,
using sleter deterninamtal functions, or lineer combinetions
thereof, It has no classical analogue,

On the other hend one hes the dynamicel correlstion
effect represented by a noneseparable two=-body potentisl
term V(r“) occurring in the meny-body Hemiltonian, The
physicel consequence of the noneseparsbility of the two=body
potential is to make the motion of the givenparticle depend
explicitly on the detsils of motions of the rest o° the
particles, Thus, it is no longer possible to trest the
given particle (i) in question as moving in e self=
conaistent one-body potential V.:,.ftgi) obteined by averaging
the two=body poentiels V(r“) over the coordinetes (;J) of
the remsining perticles (j) == the so-called Hartree-Tock
(H=T) procedure, In point of fact,the correletion effect
is measured operstiomally as the difference between the exsct
many-body energy end the H-F energy., Thus the correletion
OR eNergy is not a physical quantity but the measure of the
energy error due to the meglect of correlstion in a gertein
approximetion, It is necessarily a negative quantity, It
ney be noted thet this spetial correlation is essentially
6 clessicel effect,

In a reel quantun-mechenicel meny-body system the two
correlation effects memtioned ebove co-exist, This cen
reedily be seen for the case of o two-electron (He=like )
system in the ground stete, From the genersl varistional



principle, it follows thst the ground state muast be

orbitally nodeless ( this, of course, is true of sny evenlw
fermion system ) end therefore, symmetricel with respect

to interchange of coordinetes, Accordingly, the two svoine
must be aligned antiparallel to ensure overall antisymmetry,
4.8 the ground stete must be a spinesinglet, Thus the
exclusion prineciple sllows the two electrons to occupy

the selfseme orbital state, This makes the Coulomb repulsion
end, therefore, the spetial correletion effect much more
pronounced for such spineainglet stetes, In fact, one should
expect the two electrons to avoid each other so as toc reste
e "Coulomb hole” around each one of them, The Hel mpproxi-
metion, however, completely fails to correlate the electron
motion for the case of antiparallel spins,

For a triplet stete ( parallel spins ) on the other
hend, the two electrons must occupy different orbital states
wvhich are orthogonasl, ji,e, which have minimum overla;, Thus,
in effect, as & consequence of sntisymmetrisetion, each
electron is surrounded by a 'Fermi hole', TFor such 8. ine
triplet stetes, therefore, much of the correlation error
is sutometically teken care of, even in the HeTF @y, roximetion,
One mey say that in the HeF scheme where one uses Slater
determinantel wave-function or, in other words, anti-
symmetrized product wave functions comprising one-electron
orbitals, an appreciasble part of the correlation effect
is sccounted for in thet esch el:ctron is surrounded by a



'Fermi hole' with respect to other electrons having the
same ( persllel ) spin orientation, However, in the Her
scheme where some orbitels are occupied by two electrons
with antieporaliel spins =0 as to @mtisfy the exclusion
principle, the correlation error remeins, Thus the corre-
lation emergy is usually mssocisted with such paired
electrona,

The above remerks spply generslly to eny two=body
potential which is repulsive, Deceuse o their mutual
Coulomb repulsion two electrons try always to avoid each
other to keep the emrgy as lowa s possible which leads to
@ certain correlation between the ir motions, In this
connection, there is sctuaslly an increese in the kinetic
energy of the two electrons because of the more compliceted
trajectories they have to deserive, but this is compensated
by @ still larger decresse in the Coulomb repulsion erergy;
the balence is regulated by the Virisl theored, <D= = L (V>
wvhere <T> and <V> are respectively, the gquantumemechenicel
expectations of the kinetic end the potentisl energies, (The
viriel theorem holds good for any bound stote, 1.9, the totel
energy of the fully relexed system must de negetive ). The
specific case of Coulomdb pdential,however, cells for specinl
consideretion inasmuch es the repulaive Coulomd intersction
( 02/1-13 ) diverges as Ty tends to zero, One mey expect,
therefore, the major part of the cor:eletion energy to come
from a small singuler region esround the electron, This will
be discussed in some detoil later in this chepter.
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The classicel work of Hyllersss *°** on the helium
gton cnstitutes the first major contribution in the under-
standing of the problem of Coulomb correlation in twoe
electron systems, The three basic approaches pro.osed by
him may be designated as

(a) Superposition of configurations
(b) Correlsted wove functions, end
(e¢) Different orbitals for different spins.

These are briefly considered below,

(=) Mathod of Supgrposition of confisurstiong

In this method of superposition of configurations, e
complete basic set of one-electron functions wk(ri) is
firgt chosen end the speoe functim developed in the form

with G, = C;,. The coefficients in the expyression are to
be determined by the verietion prineciple, The choice of the
complete set of functions Y (r)} to be ineluded is not
cesy o2 the hydrogen-like functions could be used only if
gll the continuum stetes are elso included, However, from

e practicel point of view it is conwenient to restrict the
set only to discrete stetes, According to the basie theoren,
underlying t& method of superposition of configurstiong, the
set of all Ne x Ne determinants, formed by every combinatios
of Ne one-eclectron functions, selected from sny complete
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orthonormal sct, forms & complete orthonormal set over the
manifold of entisymmetric Heeelectron functions, while, in
prineciple, the besis functions are completely arbitrary so
long as they constitute a complete orthonormel set, the
convergence of the Series expension can be merkedly improved

throuh e proper choice of the basis,

In the sctusl epplicetion of the method of superposition
of configurstions by eerlier workers one essentially makes
the assumption thet the besic orbitels form a complete set,
The most populer basis used 80 far in listersture is eerteinly
formed by the hydrogenic spece-like functions together with
e continuous part, The discrete subset corresponds
physiceally to the bound ststes of an electron around g %S
whereas the continuous part corresponds to & free electron
scattered by a ms or semi-¢clmesically spesking, to the
elliptic and hyperbolic Sommerfeld orbitels in a central
field problem,

The mejor limitations of the method of superposition
of configuretions thus arise from the two subsets, discrete
end continuums (1) the disorete subset is by no meens complete
end (ii) the contribution of the continuum csnnot be neglected
in correctly expending ean erditrery normeliseble one-electron
wave function in hydrogen like orbitals, Very often it is
presumed on the besis of perturbation theory thet the contri-
bution of the continuum cen be neglected ns the correspondins
functions heve high orbitel energies, This srgument is



defective as b rge energy differences in the perturbetion
theory denominators ere offset by strong intersetion metrix.
elements in the numerators, In fect, seversl celculetions
heve confirmed thet the contrivution from the continuum is
appreciasble,

Further, it is possible to simplify the resulting
matrix elements occurring in the effective Haniltoniau‘ by
choosing as the besis the ordinery and virtusl Hartree-Foclk
(H=F) functions, 1,8, oOf the occupied or unoceupied eigen-

functions in the effective Hamiltonian

" Z
Hardl) = o 2f =o® T &

r
g 1€
" / PlBpeBy ) = fEpedy) ¥y,
: 1.2)
+ 0 r12 dl2 . (

where f(x,, X, ) is the FockeDlirec density metrix expressed
in temms of the bamaic set \V,. Yor o o o oy Yy es

?(‘1.‘2) = g Y; (‘1) \Pk(zz)y (1.3)

z‘ is the atomic number of the nucleus et the given point gz
end Py, 1s 8 permutation operstor interchenging %y end x,, This
is warranted by the Brillouin's theorem which seys thet all

the metrix elements for the total energy between the HeF
function end the singly excited configurations will venish



idontic.llyf Since the HeF function itself then interects
directly only with the doubly excited configurstions, the
secular equetion can conveniently be solved by the perturbetion
theory., GEven with this epproach, one has to include such Hel
functions associsted with the continuum as are needed for the
completeness of the basis, The success of this spproech
depends upon the possibility of eveluating the correct metrix
elements involved,

The use of projection opoutoru‘ in the method of

superposition of configurations revesles interesting aspects
on the correlation problem, In place of the ordinery slater
determinents, the projections of these functions are
considered as our besis, In the ordinary He¥ schemes the
totel wave “unction is spproximeted by a single Sleter
determinant end, if the system possesses certein gymmetry
properties, they may impose rather severe restrictions on
the occupied spineorbitals, These restrictions mey, however,
be removed end the total energy corres.ondingly decreesed,
if insteed the totsl wave function is mpproximeted by the
projection of a single determinant,

(b) lethod of gorreleted wave functions

Unlike the method of superpeosition of configurations,
where expansions in orthogonel sets are used, the methed of
correlated wave functions developed so Mr makes use of
expensions in power Series, 88 originally dome by Hyllerses,
Tor instence the Hyllersas expansion for the 1s ground stete
of the helium aton is a power series in 3 verisbles.



q
8 =ry ¢+ Ty Usr, end t--r,org, (1.4)
which can elso be written in a modified form as
Yirgery) = VA8 S™qr ol u®o® (1.5)

Lufied

The energy value of £ = « 2,90324 a,u, obteined by the
ebove trestment wes considered very good st the time, Dut
the strict velidity of equation (1,5) is considered
questionable as this cannot be & formel solution to the
sghrodinger equation,

A reel progreszs in the use of the method of the
who
correloted wave function is due to Rinodutnskuaod a power

series expansion in thiee verisbles

Sg p-u/s end Q-W (1.6)

which ere independent of one amther end have the domeine

(0, @)y (0p 1) 8nd ( =1, 1), respectively. Because
of the identity

ot % = 8T TP 47, (1.7)
such 8 power Series corres onds to an exyension in sy u, ¢
of the ‘orm

\V“\' ) = .-(1/2)-1'2:;-;m gi=d O=n .0 ) (1.8)
My
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According to Finoshita such a series could be n formal
gsolution of the uchrodinger equetion, Using a 39=temm
function, Fonishita obteined the omrgy velue

B = = 2,9037225 a,u, This is in good ssreement with the
experimental value .

Using 2 very similer set of three verisbleas

8 f= u/s end Ta =t/s (1.9)

having the renges ( Oy @ ), ( 0y 1) and ( =1, ¢ ),
respectively Pluvinago7 obtained an even better energy

eigenvalue

B = - 2,903892 a.u,

It mey be noted that Kinoshite does not consider the inclu-
sion of logarithmic terms in the expmnsion as & necessary
requirement of the Schrodinger equation,

Though e correlated wave function of the type (1,5)
or (1,10) is found to mld?;;’m!:m accuragy for the energy
eigemvalue for the helium atom, it cannot be said to reveel
the actual form of the corres onding eigenfunction, Thus
neither the correleted weve functions nor the superyosition
of configuretions can reveal the cherscteristics of the
wave functions if these methods are to depend on the varistion
prineciple, Hence, the correlsted wave functions of the type
(1e5) or (1,10) for helium has not the seme high degree oF
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of physicel visuelity es is cherecteristic for the simple
wave function (1s)° in the one-clectron scheme. It is
therefore, of interest to study whether the correlation
effects could be introduced in the letter simpler way, @.£.
in the form of "correletion factor” g(r1 2) containing the
interelectronic distance Tyo0 such as

\Hl‘" r:o l“s) = “‘3'1) “(3'2) 8(3'12)0 (1.11)

The incidence of such correlation factor in the wave
function ¢en be Jjustified from the consideration of the
asymptotic form of the wave function.a

This approsch wes elso first sketched by lyllerses
himself, He pointed out that by choosing u = 18 end
€ = o 12 » oOne could ovtein the surprisinsly good energy
Be = = 2.,8896 a,u, He @also showed thet by choosing the
very simple correletion factor g = 1 + arqoe One could reech

the still better eneorgy velue BH. = - 2,8912 a,u,

Léwdin and Rédei’ have used & wave functisn of the
type uz(‘l«;rw). where u is expressed either as & single
exponential or as the sum of two exponentieclss

u o= (A o ¥, A, o..?r ) (1.12)

The function (1,11) with more genersl forms of tie fungctions
u and g has also been studied in grester detail by Beber
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end Heses'® and by Pluvinage,'! The letter expanded a(r,,)

in a power series in Teo and by studying the formel properties
of the wave equation itself, he could derive certain generel
relations for the coefficients, According to Rootheen' - by

expressing u snd g in the form

ulr) = o"\’ n‘r"
P
8(1"2) = 1 w .-.l":; bn!'n
]

end minimizing all paresmeters, it is possible to reach an
energy minimum of

~—r

(1.12)

Eﬂ. = - 2.90036 B,

It is of interest to note thot the correletion factor
can be combined with the method of superposition of confie-
guretions, Iy such a combinetion of the two mathods it is
possible to obtain any sccurscy desired by meens of
comperatively simple wave mnctuna.g Tor @ very gencral
class of functions g(ry,)s the quotient “Y(xq.x,) / &(ry,)
is written ms the products of one-electron functions ‘Y, (r),
which leads to the desired expension

W(zyexp) = 8lry) S0 hlry) Y(rp), (1.14)
ki

where Cpy = Cy) &
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(e) Mathed of diffarent orbitals for differont soins

The large correlstion errors in the conventional He¥F
epproximetion certeinly depends on the fact that pairs of
electrons of opposite spins ere forced together in doubly
filled orbitels, This pairing is admitted on the clessicel
formuletion of the Pauli principle, and further as it
permits a simple constitution of pure spin stetes, It is
therefore of interest to examine if one could remove at
2 ast part of the defects coming f:om correlation by, as
firet suggested by Hylleress' end by Sckert'’ letting
elections with different spins occupy different orbitels in
space 20 thet they get a chance to avoid each other in
accordence with the influence of the Coulomb repulsion,

A generaligation of the idea of *different orbitels
for different spins' is hence possible, only by explicit
trentment of the connected spin problem, It is clear thet,
if one permits "different orbitals" for different spins,
the corresponding Slater determinant will no longer be pure
spin functions but mixtures of components esssociasted with
different spins, The totel wave function will be thus
epproximeted by the component of the Slater determinant
which has the spin desired, Juch components of & given spin
maltiplicity cen be projected out by a projection eperstor
as given by na-am.“

Regcently 4t hes been pointed out by Shtor15 that
in 8 system with unbalenced spins having, 8, # 0, the
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eloctrons with plus spin would be influenced by an exchenge
potentisl other than the electrons with negetive spin, since
the exchange intersctions occur only between the electrons
heving parellel spins, It is, therefore, expected that

eloctrons with different spins would have different orbitels,

In the so-celled unrestricted HT sgcheme developed
by Slater and collsborstors'' for tresting the oxchenge
polerizetion, the totsl wave fungtion is mpproximeted by a
single determins t where electroms with different spins may
heve different orbitels, The HeF equations become parti-
cularly simple, since there ere no non-disgonal multipliers
but the total wave function does not usually represent e
pure spin stete, Bmt“ haes examined the validity eof this
epproech by considering the (19)°(28) ground stete of the
Li aton, His results show thet the total energy of the
lowest state sctually decreeses when going from the conven-

tional to the unrestricted HeF acheme,

Thus the method of using 'different orbitals for
different spins' constitutes a definite advencement o7 the
entire frame-work of the independent-particle model, There
seems to be essent ial physicel reasons for & COMpEre
tively large orbitel splitting depending on correlation,
gince electrons with opposite spins try to evoid each other
because of their mutuel Coulomb repulsion, enmd, in systems
with unbelanced spins, there may further exist en extra
exchange polarizetion of the type emphasized by Sleter,
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It mey well be noted ot this junctudf that the above
treatments are all besed on implicit assum.tion of the velidity
of the “oulomb lew for small distences of ayprosch, even
on the atomic scale whon the potential tends to diverse, As
it is the contention of the present dissertation thet much
of the correletion error is dus to the unphysicel neture of
this divergence, it mey be in order to review briefly various
suggestions that have been made from time to time regerding
the possible modifications of the Coulomb lew at smell
distences of spproach so s to remove the singularity, This
question of Coulomb singularity is intimetely connected with
the classicel problem of infinite selfeenergy of a point
cherge and hes, as such, sttracted the sttent ion of meny,

The idea of maseribing a swall but non-zero ( clessical )
rodius to the electron so as to envissge a finite extended
region of impenetrebility huad to be sbendoned @s the latter

17

wes shown by Foinemrd ' to be essentiml conflict with the

requirenments of specisl relstively,

Berlier attempts on the classicel level et removing
the problem of infinite self-energy of an ideal point cherge
(Lorents model ) include the suggestions of Born and Im’«].d,18

Bo'ﬁr).19 Boppzo end Wheeler and Fcrnm.”

Porn end Infeld'® proposed a nonelinesr modificetion of
Mexwell's theory to get rid of the infinity, This, however,
leads to a number of unphysicel predictions regarding sel’e
force ( Bootstrap force ), Dirac hes mede en interesting
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suggestion in which electron scted u.on itself through only
helf retarded minus helf advanced potentialy. In this way,

the electron turned out to hawe the right radiation resistarce
while the divergent terms in the exprecsion for the self=
forece cancelled out exactly,

Vheele r end Foynmna

original suggestion of Frémkel thet the electron acted only

on other electrons ( Frénkel field o:::oog:cb )s @nd that too

vie half retarded plus helf ndnneod’ The ebove ides

together with e supposition of the universel redistion sbsorber

surrounding the system in question gave finite results, In

proposed & theory besed on the

fect, there was no melfeenergy at all, Leter the ides of
field wes completely ebandoned end replaced by thet of vekaricd
action-at-a-distence, The equelity o7 sction and reesction
was, of course, retained,

} novel modificetion of the laws of electrodynemics
wes suggested by Bopp.zo This wes beced on a possible modi-
fication of the relotivistic laws of communicetion sccording
%o which ell electromegnetic imtersctions take place on the
light cone, i,¢. the fundementsl interval.

2

ds”° = o° at° = ax” ay? ag® = 0. (1.15)

It was postuleted that the intersetion is comnmuniceted oYY
the light cone as well €3 @ “liberetion”

a6° = 0® at? - ax®edy’~as® £ o, (1,16)
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where 'a' is a width parsmeter, This was shown to lead
to the modified Coulomb lew in the form
. @ -r, /e
Y(r,.) .e‘—-L-(1-o 1’/ ) e (1.17)
ij 1'1.1
This, of course, reduces to the usuel Coulomb law for ‘a’

tending to zero, As con easily be seen, the above expression
tends to a finite vnluebo{n for r;, tending to zero,

Lendd 2% and Lendd' end Thomes’> tried to resolve the
divergence difficulty by suggesting a modified form for the
Coulomb law on semieglaseical grounds by taking into esccount
rediative damping of esch Fourier component eppearing in the
‘ermi's representation of classicel electromagnetic field,
The seme formwes obtained by Podoldqa through a generelie
sation of the lagrangien of the electro-masnetic field with
charge particles so es to include the second derivetive of
the field quentities, This lod t @ generelised Poisson
equetion,

(1-?2V2)V2, L] -"f' (1.18)

vhere # is the scalar potemtiol, ( the point cha-ge
donsity ( € = o‘(r). vhere (‘(r ) is the Dirme delte function )
and '3' 19 a peremeter heving the dimension of length but

completely arbitrary otherwise, The only eccepteble solution
is

e ’3“‘” -, (1.19)
A s \\ 5L128& (043D
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As cen be eamsily seen §(r) tends to o finite velue o/,
for r tending to sero, and hence finite selfeenergy of a
point charge,

The modificetions of Mpxwell's equaetion ( Coulomb lew )
mentioned above eare ell ¢lassical in nature, o far no
satisfagtory quantum theory has been developed, It hes been
found thet the classical divergence is 2 no meens removed
when the field is quentised, In fact ,the problem of divergence
for the electron redius tending t0 zero is repleced by the
problem of infinite energy with the reciyrocel-space vector
cut-=0ff tonding to infinity,

Vhetever nathemet ical basis may be for the modifigations
of the Coulomb lew, a deviation from the latter would lsad to
one directly observed effect, yig. the atomic fine structure
or Lemp-3hift, As is well imown, the pure Coulomt potentisl
leeds to eccidental degenerscy for ons-glectron hydroron-
like stoms, Thus the stomic stotes such es 2 31/2 end
2 ?1 /2 are degenerate not only for the Schridinger
Hamiltonien but elso in the Dire¢ theory, This is in contre-
diction with experimental results snd a greet desl of theo-
reticel work has been done t0 explain the level shift in
terms of corrections involving virtual photom processes, On
the other hend e devietion from the Coulomb-law, however
smell, will necesserily lesd to the removal of such eccidentsol
degeneracies, This may provide a matural, though phenomenoc-
logical, explanstion of Lamb-ghift,



¥e consider a formel d:iinm of & modified Coulomd
potential, which is based on 2 nstursel cut-off procedwre, The
letter talkes into account the inherent quentumemochenical
uncertainty in the definition of position in the physical
spece, Thus, it is meeningless to speak of diutences smaller
then 8 chersceteristic length of the order of the Compton
wove length for & given particle, TFormally, this cen be
interpreted as an upper cut-off for the weve-vector magnitude
in the reciprocal spece, Thus in the Tourier expension of
the Coulomb potential, namely,

o0, ame 0 1Koz,
i 3 g
71 ~= ° ’ e

where - 4s the normelisation volume end k is reciprocsal
spece vector, the summation hes to be trunceted at en approe
priecte upper cuteoff, say k‘. Accordingly, we define a
modified Joulomb law as

k| = ko Cno‘oj

&k-xi
'(rij)tmncctod' g ,n’—-Tk <] -

(2.2)

Incidentally, the truncation procedure sdopted here,
which involves Fourier ex ansion in terms of orthogonel sets,
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ensures the minimel devietion from the unmodified Coulomb law
in the stenderd leest square sense, Changing sumration over \
to ‘integretion in (2,2), we geot

1 i
Y%y )4 runcated = ®1%5 % Ty SH¥e Tyg ) (2.3)

where

b 4
Sf(x) = [—lig-xdr.
(+]

In feect, in the path integral approech of Feynmen the
<oulomb lew of intersction between two point charges is arrived
et by integreting out the loangitudinel photon coordinetes, Here
egein by using & wave vector cut-off for the longitudinel
photons, it cen easily be shown thet one gets & modified
Coulomb lew identicel with (2,3)

It cen readily be seen thet the asymptotic form of (2,3)
in the limit ker“ « 1 as well as kcrij » 1 is
essentially the same es of thet given in (1,13) for the choice
I:° - % % o« For the intermediste values ( i.e, kcr“ ~1),
however, the two potentials differ in some meesure, navely
while (1,19) tends to coulombic form aperiodicelly for x-13
incressing, the trunceted potential oscillates sbout the
coulombic velues in a demped fashion, Mathemmtically, this
reflects the sherp wave-vector cut-off employed here in
contradistinetion with the tapered cut-off procedure used by
Lendé' end Thomes, The plot in fig,1 displays the sbove
beheviour grephically, Ofcourse, in the region of interest,
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dale kor“ & 1y there is nothing much to choose between
the two formes, Tor enalyticel simplicity, s modified
potentiel Vn(r“) in the form

e,e -&_r
V.(ri:) = ;:;1 (1=-¢e e"ij )y with 6 = 1/;° 2.4)

will be sctually employed in subsequent computetions. It may
be noticed from the fir,1 thet, in the meen, the present
potential ( of (2,3) ) converges more rapidly to the coulombic

form than that given in (1,19), The Fourier transform of (Z,.4)
isy of course,

tnog0, ( = - ;51:-;‘;,— e (2.5)
Aside from a factor -‘5 in the second term of (2,5), this
is exactly the ssme result es thet obtained by Hubbard®’ for
the treatment of the correletion problem in electron gas with,
Gy = k., where kr is Fermi wave-vector magnitude, The tactor%
eppears in his cese as only the intersction between electrons
of opposite spins was considered, Thus, there seems to be
strong indicetion thet the modified potential should be of the
form given in (2,4), It will be shown in the following
chapters thet it sccounts for the residual correlstion error
and also removes the accidentel degenerscy associnted with the
pure Coulomb law, and thus provides a neturel explsnstion of
some etomic firnewstructure effects ( g.g. Lambeghift ).
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1AZLICATLON TO THE GROUND STATE

In this chayter, we shell discuss the ground stete
energy enloulstion of the He-lilke stoms using the modified
Coulomb potentisl for the electrone-electron intersetion, The
¢alculation is besed on the well known variational px-incip?l.o.?6

If H 1s the Hemiltonien of the system in question end Vv
is the eigen function of the Schrodinger equation

HY = v, (3.1)

then v must satisfy the conditional extremun

§ (WIHIY) w0, (¥Iy) =1 (3.2)

end E then turns out to be the Lagrengian undetermined
multiplier, The leest value of (VY \|H|Y) satisfying the above
conditions is the energy eigen velue of the normal ( ground )
stete, Through a judicious choice of the trial function v,
one can reecf the correct eigen value with & remsonebly smell
number of varistional paremeters,

The Hemiltonien for this problem can be written in
etomicunits (e =h=m=1) as,



SN
NS

. Tan
T TCRU DTS R SRR 1-0 Y13, (3.3

whe re vi- is the Leplacian for the 1“ electron end is

given by
2 2
2 Y " Y Wy
Yy = }1 + + s (3e4)
DA e A
where

Y= Y(xge Ve 29 5 Xp /1 2, ) )
§ (3.5)
= W Zqe Zpr Tqp ) )
is the total weve function
W _f_g:;“ aq}(1 xf)*%,(-x)
= = -: o
2
(xy=x.) 2 (xy=x,)
,.é;[_l.-_ﬁ;_i_“g.a.; X s
o¥y2 "T2 e (A Lhd PR b B
2 b2w
Adding the similer terms for i3.:«1 3 » We get
v;" vin bi-poler coordinetes es,
vz\l/——ag—‘v+~'zw+§w¢2-£+
1 ar2 T 3 ;;152 e Ty
1 32\4' ? 2 ?
* i, 3Tar, (Mt T T2 ] (3.7)
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with @ similer expression for v,w . Thus

2 2
2., 2 Ly 2 ¥ y 2 3
¥+ Voy = —x — R S e—
1 ¢ ory 12T P r, 9%
2 2 2
i DY . &4 2V Fip*¥q~¥e £w
T2 axf, T12 M2 T2 TTyp
r2 +r? r2 2
. e e T e (3.8
S P LR T o

For celculating the ground stete energy with the
Hemiltonian (3,3), we use the varistional procedure, ¥e choose

e product wave function of one-electron hydrogen like 18
orbitals alon, with e correlstion fector 5;(3-1 ?). namely .

V(ZqeZoeZyo ) = ulzy) ulzy) alzg,) / w2, (3.9)
where
3 0

ar ) = (-E= KA (3.10)

8(1’12) = ( 1+ ar12 ) . (3.11)
Here § is & varimtional paremeter,

H is determined by the normalizetion constraint,

(Je1

)%V' atl » 1,

I~
where



a7 = rydry 1,dr, ry,dr,, sin 0, &, 4F
2

The integrel / veq becomes

S‘Pzd\’. -f; 31; j// r'.-m‘ ;-2.-2.'3 x

The ranges of the integretion are

O$r14 ®, 0 &’2 L 3 \rrr‘lé r12§ 21“2.

The sbsolute value s2ign on the limit for o splits the
integration over ry into two parts, (a) r, <r1. (b) oS Py
In renge (e) the lower limit of 0 is T,=rey in case of (b)
it is Ty=Toe Thus
o b of -2“
1 2 2
Jv%’(' % J w L J’z‘ a, / (14Bry g) “rypdry,
00 & 00 r‘+r2
-2sr2 -2::-1 2

. J I A

0 g D

....0...(3.14)
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Inspection shows thet the two triple integrals ere equal,

Hence

0 (+ +] l'2‘0r1
6 -2ZT -2'3‘
J‘\"sd'(- 1?" J (<] 11’1‘1’1 j. rzdrz /(1’51'1») r1ndr1r
o r‘ r2-r1

*[1+a~ao§:-;] (3415)

From (3,12) we get the value of ¥

¥ -[1¢ﬁl+-§532). (3416)

Hext we calculate qu» vg\v as follows:

On using the wave function (3,9) we get,

D N§) - 4 -g T -
3—;1 = %‘; = xj! e 1 (<] 2(1§Br1:)' (3.17)
e -cr -2
s 2o Yo (14, (3.18)
r Ty nﬂ
PN m 051'1 -.r2
o ] e o1
31,,2 = - I3 (3 9)
2
\P = O 9 (3.'&))
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2 -
'L:P = 33'\! = ﬁ ...r1 ...r( . (3.21)
e TP <A
Honce from (3,.,8) we get,
3 5
quw vgq, -7;—%_; {[ %" - 2(-!% + ;;- 12 ] (1+fry,)
2 2.2 2 2 .2
Ly o ®Dg=) b PR 5 S o
4.-4. -—12r1‘232.- 1%';.3‘-132%)‘
12 %12 212
-¢r1 gl
xe ‘e ° (3.22)

low the Hemiltonien (3,3) is given by

3
By m = [ <z¥(1epry,) + B %’FI) -2y
“/,-v— 2 12
2 2
N r,rz e {Jg £l l;zx" - l%
2 T

Bz +

o -gly 2T -
R (g (1 ee Oy e e 2 (3

Using the wave function (3,9) end the Hemiltonien (3,23)
the energy expectation velue & = (¥ \H I\P>/<‘PI ¥ >
is ¢elculeted ss followss

3.11012+I3+I‘+IS, (3.74)
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where

NY
_Z._LJ“’ - 32

hJ\\J\V aY - : (3.25)

PR
6 -lBY 28T
1 1 1 2 X
ip = —%ﬁ /ﬁg e 1‘141“ / (;’T +* -}.2);-2 e “2
]

¥y

" J ol 148y )Ty plry

£y
= Jn‘["%“*%ﬂ"’]. (3426)
% @
Iy = = 16 % 25 J or, « ar, j o T2 rodr, X
o r1
2'24'!‘1

X J (1epryp) 8y,

rzOr‘

- 02427, (3.27)
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0
) o0
-28r -2Zr,
= x i f R S
o Ty
roery
"/ (14bry o) dry,
-t [ 2prede®y , (3.28)
o0 o
2B, -281r
I -16*26 J ° 'r,dr1 } e °r.ar, X
(4] !‘1
r20r1
-it T
a J (1487 ) (10 © 1) ar,,
IS = 15.1 - 1502 » (3‘2))
where . o
' 6 -28ry -2z,
$5.1 = 1%2 j e !‘1“1 / e r26r2
o r‘
To+ry
/ (1+Bry ) “ar,
Ty

= %[32-0230%% ’E]O (3e30)
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end 5} 00

-f8r ’ -?gr X
o 1‘1
!‘2+r1

- T L)
"/ e ° 1¢ (102’r1?&§2r$2)dr12

6 e
oo 1820 1s2p - —_t—
5.3 i ey ( “e *fg ][32z (@g+2é) ¥ 162 (acozz)"

- —l - [ 1 o-de
4] 2&3’-(‘ ccl:

2.« 0022)

32z3(a w202 | 8z (g ,z) (.c . 22)° ]

1
i};ﬂ'[‘s ‘0__3 10)6 ].

”“(a +22) - 87(a 4-22)4 (¢°+?Z

000000(3.31)

The energy expression (3,24) is

8B o= -2 (d) (aeBs e p’y, (3432)

where

S I e (3.33)
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,6 6
B = 2= }‘“%"Di-sz‘ DII' (3e34)
(4]

| 6 6 6
C = 14335~ }-fg-nx- lfg-nu- B2 o (339
(4]

with

o 52?(«,.2:) ’ m"’(.,ozz)" - LI

?(30022;)
D, = j—l—— e et ——3-—3 3,37
il “3pz (a°022)2 T (¢°¢22)3 (ag + 22) £ ASh)

D, = - Tz— - ..___19_— . 3.38)
111 1627 (ay+22)” " 8z (50023)‘ (s + 22)8 (

The minimization of the energy function with res ect to
B o= 0 o
cmac)[i.%%a«?:gp?] - [ reBReCBAY[ 22 + gﬁ] =0 (3.39)
thet is ,
[3-B311 o F32e00-g22="23 18 + [%"’g?z-ic-;%s)p? .
N [‘%gg - 1%331 = 0 (3.40)
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Aquetions (3.41) to (3.44) give the relation for the minimi-
gation of the energy with resect to p as:

a[’%u@-m-;.( 118-—)»

2 028
+ b 2-g2 *(19?:" 6“ Wy = %% P12 ="a D11
2 [+
208 _ 228y . 228° 5
‘[‘ﬁ"(ao - “.) L= Tag Dll‘l ” 0 (3445)
¢

The justificetion for the occurrence of a gcorrelation
fector of the type g(ry,) in many electron functions hes been
given by seversl suthors from gonsiderstions of the esgymptotic
form of the wave functions,© Ve shall show that with @
single verieational parameter P, we get very much improved
egreement between celculsted end exect energy values for
the helium series for 2 = 1 t0 Z = 6,

It should be noted thet the choice of @y gstill remeins
arbitrery., Ve shell be guided by some physicel reasoning,
In the correletion problem of metels the sereening length
is of the order of EBohr mm..‘ﬂ The Bohr readius for
hydroren like syatex 18 given by 8, = ;%; « Inasmuch



fo¥e] -° is the reciprocel of a chersgcteristic length of the

order of etomic dimension, we choose L in atomic units as

Gy = & 7?2, (5.46)
where e, io the reciprocal of Iohr radius, snd f(8) is sonme
function of Z, The deyendence of «, on the nuclear cherge Z
cen be seen to follow from the following reason, As Z increcses,
it will incressingly mask the effeet of repulsive interection
between two eleetrons thereby mllowing them to come c¢loser,

The simple choice f(2) = 23° yields excellent results and

will be essumed ¢ ;mualoffﬂbuquolt caleulstions, Thus in

etomic units

o« =i (547

Bquetion (3.45) sives two velues of § for gy = 2:2.
These velues of f are substituted in equetion (3,32) for
calculnting the emergy eirenw alues and the velue of § for
which the energy is minimum, is sccepted, The equations
(3.40) and (3.32) ere used for calculeting the ground stete
energy of six Heelike atomsy, 1.6, from 2 =1%t0 2 « 6, The
results ere set out in Teble I, The exsct ( experimentsl )
results ere given in & seperete column, The values obteined
for the pure coulomb potential, i.g., when Gy = @ with and
without the correlation factor are amlso shown, The reletivistic
corrections heve not been included, It can be seen thet one
gets very good velucs with the modified potential, In esch
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cese the improvement over the best Hel valucs (without the
factor g(ry,)) 18 of the order of 0,04 e,u, Thus the bulk of
the correlstion error is sccounted for, The importent point
to note is thet we get the noereexcct velue by using only
oneevariet ionaleperemeter slong with the modi fied Coulomb
potentisl, such accursecies could e achievec with the usuel
Coulomb potentisl only on using a lerge number of veriational

peremeters introduced in the weve :t*«mc‘l'.ion.6 Tor example,

Roothnn"? obtaired an energy minimum for the ground stete of

He of the order of B = 2,90036 a,u,, usins the functions,

u(r) = oY ; o, (Z.48)
ned, 2

gnd the correlation factor

- Te
oryg) = 1=e ' z;bmr‘” ' (3,49)
M.

=Dy
which conteined in ell six veristional paremeters, nemely «,
") o? ‘no o’ b-

The energy value celculeted with the modified Coulomb
potentisl end only ome veristionsl parameter is much better
then his results, However, it mey be added thet equation
(3.40) with m = 0 gives

i V-

6(1'12) 2= 1«0 b

() 1 ]
which is reminiscont o7 the “actor occurring in the modified
Coulomb potentisl teken here,
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MDum.J = H
Cround Stete bnergies of He-like Systems

z P Pucer Fo,mr. Pc, er JWEovememt  Troveremt B et
no- HF, mo. Be { Bxpe rinental)
B.u 84 U a.u Beld Ol G
1 045263 «0.5177 ~0.4873 ~0.4892  «0,0299 =0,0285 045275
2 0.4758 =2,9032 -2,3617 =2.8760  =0,0415 =0,0272 =249037
3 04725 ~7.2790 «T.2364  =7.2560  =0.0426 ~0.0230 ~7.2804
4  0.4275 =13.6520  =13,6113  =13,6340 -0,04007 «0,0180 «13.6572
5  0.4185 «22,0270  =01.9%62  =22,0070 <0.0408 ~0,0200 «22,0357
6 0.4095 =32.4011 «32,3612  «30,3830 =0,0399 -0.0181 «32.41T1

Bug,er = mergy usin- the modified Coulomb potentiel with the correlstion factor.
= ‘nergy using the Coulomb potential end the Hartree-Fock method

4
C,H=F
= “nergy using the Coulomb potential with correlstion fector,

mn. ef
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The usual effective ( aversge ) Coulomd potentiel @
is the sum of the potentisl #, = % , due to W end
the potential g‘. due to the electron, ( the sveraging is

over the wave function

Y(E) = /2 i

/A

of the hydrogen atom in the ground stste with

o8 = b’ = n = e =1) (350)
) = ’p(x) + ,.(I) (3.51)
e o St c 50

"z Jlx ) E b

The potentiml ﬂ.. is of course, the sere ms the
potential of a stetic electron *cloud' of density

£(x') = u(z'), Hence the effective Coulomb potentisl
is

o) = §+ 2 ) o=/ (3.53)
The effective ( aversge ) modified Coulomb potentiel
#(x) &8 derived as followass

# L) = ﬂp(z:) + gD

. - & Yz ? @ lrert], o3 1 .
i, fl-ﬁrf- (1= ) &r (3.54)
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for ]é.‘ en expension of legendre functions is used and

- %o g Fy(cos o)/t 1 x>z
The weve function V' (x') is
3/2 '
') = L— A nd
Y(z*) ﬁ e and,

3
|+ ? - o (3.56)

Hence the effegtive modified -ouloms potentisl is

Hr) ==l & /‘z,-_;‘,-; 20T (4ug 12 g%, (3457)

-2%r' 220" o |per’ D
r

>
2 Q >0 92 <) )
"g’u / = 4 =55 / | P=r -
escoseee (3058)

If we split the integrstion over r' of the equetion
(3458) into two parts ( r'« r end r' »r ), we see thet in
both parts integration over the angle 8' reduces the sunms
E ( of equation (3.,44) to their first term ( 1 =0 ) by
virtue of the orthogonality o the Legendre functions end we
get the first integrel of equation ( 3,59)
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eeseelBe59)
(where integration over anguler pert gives 4=z ),
3 1p =22 K2 KL 2y ) T
2 e ( - - )
=4 ? !'[ 5‘7 ::5 82 X
2 @
o[ (X o -4-7;-; 1, f (3460)

43¢ 82”
+ ..22__ (-é% + ‘z )f (3.61)
-lir ~
- -l--. -(z.-_},) (3462)

The second integrel in the equetion (3.58) ie

3 -2t

= 'Z" J ,_!\t—l‘r ..“ B‘.r.‘ dB!" (3e63)
. IR -l 3t

- l‘!{m / | T | .-mp.?"!'? dr' sin 9' do'

'...0..(3064)

r'2 dr' sin @'d®' = |rer'| 2 dir=r'| oin 8, &01 (3.65)
end

Ll

r? o2’ + |\ rert 24 or | r=r'| cos 8 (3465)
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or

= w/rg o\xw--x"l2 1+ 2r | rer'l co8 8y (3467)

The integrel (5.51) becomes

-2 %2 J.‘o‘ |t ..2245:11:!‘-’? + 2r [rer'| cos 9,

x2)rer'| @ |rer'| sin 9, &‘ (3,68

-l | 1! w2
= 223 J Qo —9 ﬁ d)

rer!' dx ’ (3.69)
or |rer')

where
4 ;8 .
X = T +|rer!| o?\r-rfoosoi.

dX = = 2r ) rer') lu““‘

The integral (3.69) becores,

= 5:,- g (R o'zzv/i dx direr') (3.,70)
..22\/5 dx . / o=27% op at
«22%
= - '7—5 t ""512‘]. (3.7‘\
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From (3.70)
b 4 -rzﬂr-r'(?ozr)n—r’]ooaoi

Hence et

o
0.' s ®, Xs( re|rer'| )}°

and et

8 = 0 X (2 e+ |rer )2

Hence from (3,69} we get

J.—?Z/x—dx -[_."72_23(‘%)]'!"\151‘"’

(re|rer')
R bl [ PR

w22(r+ |ver?)

3
The second integrel (3.,69) becomes

- %J.—a(n—r'{‘-i’z (1w [rer?y| [| v \zert| + %5] @ |rer?|

[ relrert) + 30 ] (3472)

3
& __f_.zJ.-a \n—r’l.—?Z(r*lr-r'l)[!.,\ rer'| + ﬁ 1 d|rer),

ssesee (3:T3)
where

3 (" o
I‘ - ﬁ J o™ |rer?) .-(.Z(l‘- 'M'l)[xw-lr-r') . 2—% ] 4 \rer'|
()
} o

L LR RN (}.7‘)
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¥
2
- %‘_DJ .-22!' e-‘S-QZ) \M“k“ %3 -\l"’r.l )d |pedt)
- g J°22$z' e-(u+22) | ezt (wre QJZ' + rer?) ) d\p=r?) (375)
¥

) ﬁ..z-zz-[ (zsizze) g={®=2®) \™r®l (e
T -0 - ~(a=?z)  (e=02)

0.( G.?Z) D ?) ];

) I..‘“..-f’»Zr[.(.- !@] {0 472) | rer? | (‘ SR
r

W’ ]
- ( a+ 22) (xe28) (ae22)€
.-(6022)\ Twy?) ]oo (3.76)
L J
2
bA el I* -
= Tl (75T * (“_"?'zl')""" )]

e w24y _—-1' ”
Z
- +—[ > Z«,’z) * ¥/ G-(L) - (“-?Z)‘- ]

- &;ﬁ[m" J——T]. (3.77)

(ae22)
end
I’_. 1:_} .‘lﬂ\!\-r" ..2“”\1\"’\)(”‘””‘.5}) d\rer’|

) LA AR ] (3.78)
- %_‘_J[ o~iir (=(as22) lrer?) (re 'E]v,' Yo o=o0E, =(a+28)| rr’)

%o
x (rert) ] d)rert (3.79)
2 227 {2 402) | rer?| «{a+22) | rerh
- | - ®
- Bl S Com? o

eosses (5.80)
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2 «2%r
- l_.____ 1 1 1 . .81
o [ (!»‘55 ) (x+22) ’ (¢+2Z)2 ! (3,81)

The second integral (5.,61) becomes,

2 -
- T .-‘r [QZ(G\-¢Z) L (@=22) ¢
2
U = A =) (c.zz)
2 1
'%‘ [2200-28 * (@ + 22) ]

* L [ 34' Z * 2i{a+c? (0\0'\2) (3.8(;1

Hence the offective modified Coulomb potentiel from (3,62)
and (3,79) is,
'(r) - - é’% _.-er(,l*z) - %:‘ﬂ!t‘ -“-r z) & -J.—‘R]
(a=2)
2 Zr 1 ) 1
1?' o~ N Tasry) * oR(actz) - (amtd). “_?z)z]

¢ =l

(ae22)
2
L. . =cir 1 1 -
* e [ ”E + ” * o ] . (3.83)
r (6e22) " 24(a+2Z) (as28)®
Homge for o —» @ tl;o modified Coulomb potertisl
becomes the ususl Coulomb potentisl given by (3.51)

v

4:‘ [
22 ae2z) ¥




In this che,ter we report the celculetions for the ‘
excited 28-78 state energy velues using the modified Coulombd
potentipl, TFor this we make use of the variationel prirciple
in its extended form, In genersl, if the weve “unctions
i T P ,\Waat? Yo OF the “irst n astetes erroised
in order of increesing emergy, ere known, the weve functio

Yool o7 the next encrgy-wise higher stote gives g ninimun
of the integrel{V|H|W)> with the edditional condition

{ Mpael B 'Yu¢1> -

end
<\{J“1\\y‘> = 0 (m=0y 1, o« . B),

The successive orthogonalisetion cen be cerried out followins

the Grem-Schmidt protwlux':..6 The converse of the above is

el 8o true eand ¢en be made use of for deternmining \Pnd' iIn

this cheyter we preseut e aimyle calculstion for the

stete |28, 28) by msking it orthogonal to the ground stote
|18y 18> . Only in e more regorous celcuk tion the stete
(28, 28} must be made orthogonal to the intermediste

stetesey |18, 28 ) as well,

The Hemiltonian used for this problem 4s given by
the equation (3,3).
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We choose & product function of one-electron hidrogen-
like 28 orbitels with a correletion factor g(x-1 2), nemely

Wizgy Zoy Iyp) = ulxy) ulzy) elzy,) / A (3.84)
where
3/2
uly) = L/—-( 2=2r) e"z:/? (3.85)
4./5.
8‘3'12) = (1« p{‘"?) (3.86)

p' is e verietional paremeter, N is determined by the

normeligetion constreint

J‘“ Yar = 1. 3,87)
We heve
X zs 2 ~ 2 el
J‘V\P a7 o LJm_xZ J o™ M (2uzry) °r a2,

32 x 32= 0

® ro+ry
~ir, 2 ‘.2
e (2-21'9) rpdr, x (14 r12) rwdr‘?

RIRIE R ) (3.89)

From the equation (3,87) we get

ie1, -"4%“—'-+2}§12§ 1 %9, (3.89)



47
47

Hence,

R-1+%1%.-4% ;2. (3490)

How
2 2 4
2, 2 v.oo2. 2_!_‘* - bea
Ve *+Y0 )W = - -- +
(va +ve f;,’ Ty 2Ty ax-,L rp 2%
L, Xy 8 22X
arft Tz dFy2
2 p2r?
r1 ,,ﬁr]-r., £y, lnr,‘,:rl ~ W
PUmTyp oTpfyp T FFp  STpRyp |
LR R R (3.91)
Turther

> wir,/? =2v,/?
'a r1 #-u,g. -ry)(2=gr)e ' e o (148'70)y
LR BN J (5.92)

3 2 «ir,/? =2r./2
3%%’. 3-?-1— (<224 & ¥ )(2=0r)e | e 4 (198°x,),

evecee (3493)

-a—: -z-=_[ %22. f—r‘](z-z:',_)o 1 d (1+p? r1.~)
= (3494)
Je

2 3 U )
DA 3 wir,/2 «ir./
e S B B 1ae e Ty
2

(3495)



3 ~Iry/? =ir,/?
= o A pr(ezry) (2e0r,) o b

2 > 2 -
?-i - ZJ-'-L (=22 + -z-!r')(z-Zrz)o

2 g§ﬂ 2 -l 2
-l 4 = ‘-220 '5-32)(2-31'1). r1/ r2/

Hence from the equetion (3,91)

s 3 3
(vy+ v5 )\P-B;j-?l— [(32% Eor)) (2-2r)) (145"

2
¢ =5 (<200 Forp) (202m)) (1487 )

Typ)

+

3
(36° = for, )(2a2r,) (1487xy )

*

2
?125 (=22+ %‘ rz)(2-2r‘)(1¢9'r12)

+

e Y 2=iry) (2miry)

Tyt Tqel 2
4 -J-:’-;.t-z B (=22+ %—r‘)(?-ug)

1‘2 01‘2 r2

+ _15.2;5.1 B ( =lz # %- 1'2)(¢-6r’))

x e ' e 2,

- 2
Zr'/.zr,/.

45

(3496)

(3437)

(3.98)

(3.99)
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1 2.2 2 3 52 z’,.)(z zr.)
X 7 ’72"*"32'/5['%('2:2 I TV,
+ 33--,—) (om2y) + (Rae For,) (2mtiry)
N (g- -g- )2 =2y 1= (147, )
+ aggz-( 2mtry) (2e2r,)

r Or.r 2
* J—%—;};-g( 2 = & v (vmlry)

2 2.2 " |
o SEZ (3o ory)(2eimy) fx 0

oir, =Zr
xe ‘e 2 (3.100)
Hext consider the term,
Rk a
1 2
5 2 2
. -3;3-'%[( rﬁ; -2%)(2e2r,) + (g -2°)(2=ry) ] %
~iry/2 =ir,/?

x( 148, ) e e | (3.101)
3 s
. « =l - b 4 392222, =22 , 2% (2m2r
s g ¢y ¢ EEEE) - Gy ¢ B (Ein]

-ZI‘1/¢ -ZI'.‘/Q
x(1+p'ryp) e e R (3.102)

Adding the equations (3,100) end (3,101), we get



= Blviewa )Y = s e 0w
- —-é-—( (=227 +33r)(2.zr ) + _gf (2=Zr,)
sen N % 4 3 2 2

2 3
+ - 2ezry) o ( Py ) (2mmry) | (10p02y )
2 2 2 .

PP S Sy
g (2= %—r,)(a.zr

=2 o

o)

2 2.2 2r./2
Do nt -ar/‘-Zr,,/?
. 2270 Ve e

2¢ ’
X (= gr,) (2=lry) f xp'Ixe
3.103)

Hience from the equation (2,3) the Hamiltonian is given by

3 3
HY = - ;-:‘-ﬁ { (-22 + %—(r1+r2) -‘é;r‘r;. )(1+ﬂ'r'2)
X n o~ 3
+ P'_{;.-}%[ 22(:-10:’2) - Z‘(r;org)- zgr‘r2+ i—-r,rz(r1*rg)]
"12 2 2, 2 2 >
+ o { zz(r,‘,-r‘)d (r,-rz) + {-q,rz(rg-r,)]

- -f,;:-( 2-8:-‘)(2-81-2)}

b o «l2, /2 =i P
+ 'r':'?' (1-0-.“ ‘2)(2-11-1)(2-3:2):(10":,2)]: e 4 e rﬁ/ .

(3.104)
The energy expectation velue

B oa(VH\WD [ LYY

is celculeted by using the expression for H - from the
equatin (3,104} we have '
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51
B adY) HIY) /P v
= 11’1?“3'14*15’16“1“8’5‘110“11‘”19 . (3,105)
whore
® ®
-26 2 2 / -23'1 -zrz o
1% oo o mlieing)dr / e “ry(2eir)dr, x
o r,
To+ry
rzﬂr‘
2 2
- ti-fe- B8 % (34106)
@
o e I I FYPIPREPN
= r .
¢ madom / 1 1%
o

X

-ir, c
J 2] rz(qox'?)(:«‘-zr?)drz % / (14(&'1‘1 :) dr”

" o
- %(%ze '%‘g”' *215'2 Ve (34107)
o..2 3
« -llY
-_2_8x2y 1 2
= €] rq( =22, )dr
5" oot 4 / LA i B
[+
(5 5] r20r1
i -Z!‘2 ' 2 2
¢ “ifky Jrpfr, X (140%r0) "y dry
¥ To=¥y

= '% g-z *16:3;""*%15;32 "1, (34108)
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' -It1
e 3'1 ( anr‘ )‘r‘ x

2
% " hsoxson

1‘201‘1

®
=ir, <
x/. rplryprp) (2mtrp)lr, / R Pt o T
DT
172

R IET EIRSE TUS P SRl

@
- =ir
1, = ~Et6a'" / o 'ry(2e2r)er,

H3ex32u
0
rory

-2, 2 2
) ) ( r10r2) ( 202!‘2) r,,dr.-. 4
S (14Btry o) Ty lry

- 4[&”0, %p"? s (3.112)
2°x163° 7 -
. =2x163°%p" e lr,(2-2r,)dr
% H32x32r¢ " Ve -
o — To+Ty
x/ e ‘r,(2eir )’1"2_‘:2 / (148" )2
y ———i—-—r r:-g—-- ¥ Ty %52
! v Fgo¥y

= FaBwe . H%y 2110
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83
r flrp, )dr, =x
2" l33213"n X1 / R L
[+ -2z, r?+r1
0 “r,(2«Zr,)r,r.(r,er,)dr
’} - r,f-z Ao E—t / (14872 ) 7] 500,

- i[ m 2 + 316'2 1 (3.112)
-Zr
- Cxien xagp’ / ry(2=rg)dr, x

Exi2x52n
o3} -zr r2+r1
*/ o rymr)) (zpmry)rdry / btk Tl P T
¥ Y92
r1 rt-r1
IR ETRT “2 1 (3.113)
éﬂ.‘lﬁ!—l / r'(z.u.‘)dr‘ R
N32x352x%n
-ir,
* j e (r,-rz)(r,-rz)drﬁ / (148w o) 7y dry
12 Rk
" -l

= P g +38%), (34114)
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®

6_.> 2 =i

0™ N omsontas LA
°

@
«ip - ? 2
J e X a-zrz) rz( ry :r‘a) ( r.‘,-rl) Ty radrz

o b

X
1
l‘:,#l‘,
,/ (148'xy ) ¥y oAy

12
Wy
s dr.8k, e g7, (3.115)

" e e ®  _gr
1 - m / e 11-1(2.23-1)2"1 ”
o

N32x32%
il r Tan
2 " 2 12’°1 12
x/ ] 1'2(1-33‘2) ”2 / r12 S
r1 rz.r'
e H Hhapr + 207, (3,116)
~ [+ 4] P D
[ -‘r ~ -28‘
Zxi6x 1 2 2 2
11:. = ;;32:39,,? / (] X'1\2"u1) 01'1 ) ] T1(2‘zr2) dra e
I+ r2
wgnry . 0 -t Ty,
o}
Py

- 1‘,_ 1t 112.9, (3,117)

“e
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(o1}

where ® a0
11?.1 - e ry (2-2:-1) dr, ) r2(2-£r2) ar, x
(5] ry

r2¢r1

:-Z (148%29p) “dry
g | ,

- dUEH e o HLod, (3.118)

end @® . O .
il -ul
- 1 e e ¢
Loo = 'g / e ry(2«8r,) dr / e ro(2mizg ) dr, |
] r1

3201‘1
- I
~‘/ (‘9""?)2 e e 12 “‘2 . (3.119)
w
The integral
rz"l':,
2 _"%o"1¢
!':j-l'1

)

s Tp =& Ty & Ty oy pget

-y T

T l-:ﬁ. P 2
+ (e ¢ 1.. c ’)[60 +h%—] r,
%o
-il T, G I 2
+ (. c 1". (-] 1)[2&' gﬁ" ]r1
[+ [
il (2]

ry a@.r 2
+(e Sl ® 1)(1"201'3)( n;;';' )

- T, @I cRe
+ (o °1n°1)[§-§—r1r2]; (3.120)
e



513
Hence the integral
Lig,o * Loty e g+ L (3e121)
where o
! '€ it P B
o e ATy TG
[+ [+ 0
@
=( 24, M
x r,(2-2r,)%r, | e o » (2tr,) “ar,
Y!
,n.! mg'i
- o 'o (o _sar® |, serl |z
(m )8 "(2ea, y7* (2400)% ~ (2eag 5 "
b3 Q -33 ?-x ‘Rl"" - —2_ X 1
4(2+a)) z (Z+ay) 2°(2va)  C B(Zen))
- (3e120)
- 28 ' j.ou1 -(lol” _ ¢°r1 )
Iy lg[ oy *252—3 4 (e e
a

) -(b“ )!’
X x-,(a--n',)“clx-1 ] e 2 rf(?-urn)‘“drn

v

ﬁtlﬁlz—:‘? %(z«)a’czﬁs%" p

(Mﬂo
- e - ~ PR )- - _2. . [I—
(z3(z«;°)’ 162%( 24a) (B0 )® % 2%(24ay)’
b —— ], (3,123)

B(3va, )4
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~

®
e -l “.r
TS TR R T AR AR
[+ @
c

* (Zoc )r
[ o

. Ta(2=2r) far, x 2 ry(2-ir,) ar,

L

6

e :
- f (& Zgrl[%(“—rm) "%1(“)
" (veg i (e * (on® * L row

1 3.1_.,, . S, A — (3.124)
" 8 X 2 (z’“c)‘ ¢ ‘zz ¢ ]'

(6&0)3 9z(zm°)-’

[+ 5]
e -lr -«r a.r ~
I .

o

-(208 )r ” ) ~
x /. e s(rgorg.)r:, ?-ng)"dr:

g
ﬁ&.& -, 1me2g® _sm6z
¢ 64 (Zﬂ )‘0 (Zu (24 )9 (um )7

) - 22 1 3%
N (ze—ac)ﬁ =2 E(Zu ) 224(4«: )

. . NS . Sh—
4 z3(z«x)3- 42° (2t 2z )0 1

(3.125)
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o8

b, il T e.r o
e 1(° ¢ 1 +0 c ’)r?‘-)(?.zr1) dr‘)(

-
1
I
(2}
b
[
-
n
\8

P
-( Lsa ) r»
* J Q 2( ¢.-Zr2) dr,,

e

na o (z«; )10 " (z4a, )’ (Gea)°  (Zeag)

\ZN

e eor)?
1 2 6
’ 13 23(2«,0)3 * Z(Mc) Z(Zﬂ

(3.126)
The totel integrel 1‘2 is the sum of the integrels

giver by the equetions (3.122) yo (3.126) .

Adding ell the integret.ons we @t the expression

for the energy
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B e (WIRIY /W)W

- HO- o B - B o L B 0,

’!& 0?‘4 2%_ &3_)‘[(3“) (ﬁf}ﬁl#

6t
“(t1ag)® ” (mvag ) q‘(z« )4 7 82%(z4ay )

T (82%(za )’ %;&n.)’ ]
. _z,.)[ gy _2.7 4412

'>(?«x )

(z«; )’ (zea, )6 ! (zm‘,)5 - 16;£(ch )
- tag)? * Hire)d T Bieeg) |

oE, _9.5_)[&;.}_:__, ..'21&_8(%%_:.3_)7
C

z(Zoc &( z“c)

(&w 5" -::2;! ! ﬁ Zz(hcc) ’82"(2060)"

1 WOER.. J—
+.4'Z3(Z+¢c)-3 ; 22(20«0)4 !




4
oy

e 3 o2l |
B! m 15362 13922° _ 5762 4+ 5!
% (z-oo. )10 7 (Zea)? : (gveg)®  (zrag) T (Z40)°
S | _3:}._ - —2 39 L &
t By 22(seay) 220 )’ § Ot T2z
_ ggo?[ 762 m_. l9zz.
S (ma)? (20 )® " (2we)

’cn)"u;(zu) 2’(‘
: 3 - - A5
+ ;;r}(zﬂc)s * Zz(Zﬁ:o)‘ + Z(ch) ]; _ 2.127)

The peremeter B' is calculated by orthogonclizing the
weve function for the 7P orbitels to the ground stete wave
function, i.8.

S"Jz;s Yy, 47 = 0, (3.123)
where
0 %Zr
)‘1’23‘3{'56‘( - /0 1(2.'1.:1)1'16.:'1 x
0
®  (3/2)22,
b3 } e (2-23‘2)1'261'2 =
o
220!'1
x ] (1eBry ) (1ephmy)mptry,
l‘ﬂ-l'«'

% (B + 'B' ) (3.129)
3
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Hence the orthogonelity condition is
3' s = ﬂ .

This gives the velue of ' in terms of B, The values of P
for different values of Z ere civen in the teble 1, Hence,

for eech velue of 2 we get & velue of B'.

It ney be noted thet the negative sign of §' will heve
the effect of meking the correleted trial waeve function
( Co?e (3,86 ) ) nonenodeless, This however, is theoreticaelly
possiile as the weve function in question does not represent
the ground stete,

The excited stete ( 28 = 28 ) enercies cen now be
evaluated by substituting the velues of f' into the ecrergy
expression (3,127). A triel celculetion mede for the case
of helium, however, yielded energy velue far in excess of the

correct velue, irrespective of the value of a_ chosen, This

[
indiceates the inadequacy of the present procedure, namely,
meking the one-persmeter trial function orthogonel to the
ground stete for the ce=s of excited states, It is of some
interest to note thet the excited state energy velucs obteined
by independent varietion of §' in the correleted weve fumctions
are far better then those ovtained through the ortho-
gonalisetion procedure, rroceeding exactly es in section 1,
the energy function turns out to be

B e 30 A +ng ecp™)t,
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where,
- z ’) °
%" "H? N @y
o 1 1
B, "'ﬁ% +2¢ (":‘z: 1* & '
26
Cq N gﬁi ﬁé‘l M-+ ¥ (;'égl * ;%Du + o Oup
(] (4]
with
o o 182 m. . S8 | o, - ,
1 (Z«Lc)a (Zeay )7 (8«: ) (Z4ay) (Z4ay)
- _.1— - L. P 1 ‘ ?
sz’(zno) a?(zuc)" e z(zmc)3
u.utg 8L 2 .
& - 6 - 5
(Mc) (Zm )8 (ém ) (Zw ) (Zea,)
- I, o -
42°(20a,)” 22( 2+ ) 22" (Zea) ©
. 1:2_1..‘. -, 23522 _ 960z
111 (24, ) (z«:c) (Zw )8 (ch)?
115 5 _gfl 18

-t +
(20ag)® 42 (3say)” 45°(2mg)®  2(2ea)’

' 4is given by -%-g—, = 0, or
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Choosin- @, = 27° a8 in section 1 the values of &' for the

different systems are

Bé. = 00““. - 00219‘

:h; m 00,0453, = 0434635
Bl oem 0B, - 0.4427
The corresponding lowest energy velues are

i
w

B+
L

B H_(?l—?l) e =3,657815 « 0,000271 = = 3,658086 o.u,
Pe

(The second quentity in the middie &£ column gives the
contr-ibution of L )e

These are Tar better then those ve lues obtained by
orthogone Lisetion, some of which were even yositive, In eny
case, the correlation effect and, therefore, the role of LA
is less dominent for excited stotes ss the eieciroms ere on
the aversge farther spart.
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As is welleknown, the pure Coulomo potentiel leeds to
aceidental degeneracy for one-electron hydrogene-like atoms,
Thus the stomic stetes such as 2 -3, /o 804 2 %, /o 0¥
dogenerate not only for the ichrédinger Heamiltonien but elso
in the relstivistic Dirsc theory.'C This is in contrediction
with experimentel results end s greet deal of theoreticel work
hes been done to explaein the level=shift in tems of

gorrections involving virtuel photon processea.m

In whet follows, we shall show by a simple perturbetion
calculetion thet on assuming a modified Coulomb potentisl for
the electron-nucleus interaction of the form «( Z/x‘)(‘l-o-«L '°r) ’
the degenerecy is lifted by an eppropriete megnitude, £s the
corrections are smell, a perturbetion celculation to first
oxrder seems to be adequate for @ fairly accurste idees of the
megnitude, lor hydrogenic wave functiore ( rediel pert only )

of the type,
o o1 2200 (n1-118 (172 -f/2 2141
il : 2n[ (n+1)! ] 177 e tnﬁ (M) (4.1)
with

f,il.:



\_21;‘( §) = essciated L‘s’uom polynomiels, where
n+.

n ond 1 are respectively, the principal end the orbitel
quentum numbers,

The idea is to cslculste the reletive level chift
As(n) = AB( n 25,50 = d5(n %2, ), (4.2)

vhere the individuel level shifts are given by
AB(n P8y ) & Hpolm) | AVUR)| ¥po(r))
end
Aen %20 ) m (Mp(E) | AW(E) | F(e))

The perturbation AV dis given by the Yukews pext of
the modified potentiel (2.,4) thet is

AV(E) = +(3/r) (e P, (4.3)
Using the wave function (4,1) we aot)
<‘Fn(r)l AV(E) | Fpa(D)
[} R 3
.J(ﬁl)’ laedel =T 21 [ 12000012 2 07067 Py

on[ (n+1) 117
° ORI < = &



¥rom (‘01) f = nﬁ r

Hence
ir = Z2af

Honce the eguation (4.4) becomes

(o)
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The associated bnéueru polynomial

Oele=l k+1 2
1214(5) ; *pmenn? L ok

(Deletek) $(21+T4k) Sk
Consider only the first term i,0, when k = 0

Lzlol(f) . " |(n+1)8|2 )
n+l (nelet)(22+1)3

bb

(4.5)

(4.6)

(4.7)

(4.8)



Hence
21+1 4 n+l) ! .
(f) = —LS—-————L- .
{ I‘n¢1 ] [(n-l-ﬂ:]‘[(:l*ﬂ:]?

Substituting this velue in the equetion (4.5) we get

[¥pl) | 4V0)| Fale))

- 3 (nelel)l n+l) b 4
- *r(zi) en{ (n+d) V) [(n—hﬂ!]# (21+0) 1]

o a. .
« J e ( - ) f¢101 d)o
_gz (% (nelet) 3f (2241)81° ) uup._%) -142)
<

- _gf (B&)2 Anel)l

1
b 4 : .
n (n-L-1)!(21+1): (1+¢ ‘p % )(‘I+§)

liow when 1 = 0, we get

ataiis : 1
as(nsy ) = g (2O (Giyy = eyl

Y

end when 1 = 1

ez - D245 Anel
AB(8 “24/9) oy (n=2) 1x31 * e ) ‘
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(409)

(4.10)

(4.,11)

(4,17)

(4.13)

(4.14)
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Hence the splitting from the first order perturbetion

a8(m) = AB(n %5y p) =48(n %y )

-gh () B, - g} (&> le=linlnsl) - 05)

?
( 1)“"'5% ) ““P'E'zl )

As “oe is expected to have m very lorge value ( ~ 103),
we heve o, O) 2%2/n , Thus the mcond tearm of the equation
(4,15) mey be neglected since a__ occurs in the fourth pwer

e
in the denominator,

Thus the energy Ik vel shift becomes

ar(n %5y ) =8 %y 5 )

o () g B (4,16)
(1«1”5%)
4
- (113-5 ( -EJ-—— )2 . (4.17)
n n + ﬂ.p.

Thus the shift is proportional to z! for smeller velues
of Z but will chonge less repidly for large velues of 2, A
similer conclusion was arrived at by Bothozqan the other grounds,
Also the dependence on the prineipal quantum number n is of
the inverse type i.e. proportionsl to 1/n3.

A fairly close sgreement with the experirentel velues
of Lemb-shift for H end H§ cenbe obteined on choosing the



60

velue of a__ of the order of the reciprocel of 2,9 x 1()""'> cms

to 2,7 x 1::12 cms, However, in the absence of & precise
knowledge of the Z dependence of the persmeter LI it is much
more appropriste to compare the retios of the Lamb-shift
velues for different velues of n for the seme atom, These
theoretical ratios derived from (4,17) for H etom and the He"
ion are set out in ¥able II slong with the experimentel ratios,
The egreement seems %o be very @od end well within experi-
mentel tole rences given, Thus the present exprescion predicts
the right dependence on the principel quentum number, This
result is very suggestive and the modified potential seems to
toke account of radiation corrections in a phenomenologicel

menner,
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B e I

Theoretical and Experimentel Retios of the
Lemb -thifts for the various excited states

of H end He*
et o
m& AB(4) 1 AB(3) & AB(2)
H (Experimentel ) 1 s 2,368 ' 7.95
He*(Experimentel ) 1 1 2,41 : 8,002
Theoreticel 1 t 2370 ] 8

A B(n) -As(n"’s%) - 28(n%,)



71

In the foregoing sections the question of spetial
correlation in two-glectron estoms has been reconsidered in view
of the possible modificetion of the Coulomb lew of intermection
of two point charges so as to remove the singulerity of the
potential st the origin, This is based on the belief that
the physical laws of neture do not admit such singulerities erd,
as such, the latter must be regularised away in any physicel
theory, Accordingly, the corrveletion error is attributed to
the divergent cherscter of the Coulom: potential, For asctusl
calculation the modified Coulomb potential, as suggested by
lende” end Ihome,a is used in the form

e.e -6 r
Wrgy) = (e, (5.1)

In the sbsence of any objective criterie for determining the
cut-off perameter Gar the latter was estimeted from purely
heuristiec considerstions, It is found thet much of the corre-
lation error could be mcecounted for in the cmse of the ground
state of the helium-like series from £ = 1 t0o 2 = 6, if a o 18
chosen to be of the form G, = 2:2 ( in atomic units ), Only one-
parameter hydrogenic trial functions were used, Improverent in
esch omse was of the order of 0,04 s,u,, whrich is substential,

The removel of the accidentsl degenerscy in one-electron
hydroren=like atoms, i.,e, the phenomenon of Lemb-shift, wes



e

interpreted in terms of the modified Coulomb potentiel, Tho
Yukewe term occurring in the modified potentisl (5,1) causes
@ splitting of the otherwise orbitally degsencrete states such.
as 2 23‘ /2 end 2 2P1 /20 the:reby providing a netu-al explenation
of the atomic fine-structure, j,g. the Lemb-shi’t, It wes
ghown by e simple first order calculetion trecting the Yukewe

e,e - x".J a
torn = —&d o 70 1J g enell porturbetion and using the

i as4he basis,

unperturbed hydrogenic weve fungtiors thet the wergy splitting
is given by

AB@lw AB (0 "’41,2 ) = AB (n 29,/2 )

Q’(tgt)(na'{';;)?. (52)

Expression (5,2) has essentially the same form es of that
obteined by Cethe’>
The splitting is found to be of the right sign end is inversely
proportional to the third power of the prinecipel qumtum

number n, Also it incresses initimlly as l‘ and then less

fyor the redietive correletion considerctiors,

rapidly for lerge velues of the nucleer cherge number z, The
firgt-order perturbetion celculation is justi<ied,in s ite of
the fact thet the perturbation - :}‘J .-up.r“ diverges for

Ty tending to soro, as its mtrixiglomnts are finite end
snall compared to the specing of differert energy ctates, The
inference that the modification phenomenologically takes iato
account the quantum-mochanical virtual photon processes is
justified heuristicelly by series expeming the modified potentiel



‘3

Y(r

e.e -cri
19 --}:}(1--"3) (5.3)

in the reciprocael spece:

N
knc

4ne e -*011
Wryy) = LAl ; (;%' - —;1-5)0 I, (5.4)

which is, goide from a factor 1/2 occassioned by spin considere-
tions, strongly reminiscent of the screened potentisl obteained
by Huublrd?‘5 from & meny-body theoretic trestment, Thus the
second term in (5,3) and (5.4) represents polarigation effects
gimiler to thoa involved in virtual photon process,

Unfortunstely, there appeers to be no a'priori eriterion
for ascertaining L However, & order-of-mesnitude egrec:rent
with ex erimentel results is obta ned for L lying in the'
expected renge, i.6. in the neighbourhood of the reci rocel of
the electron Compton weve length.e‘

The pleusibility of the modified _“oulomb ,otentisl, on
which the precegding chapters ere predicated, appears to be
reitersted from several independent viewpoints, The formal
similerity ( mede all the more evident in the recijrocal space )
with the screcned meny=body potential of Hubbard ( cf,eqn.(5.4))
lends to an interpretetion of “, 83 8 cut=07f wave=vector
magnitude associeted with the virtual photon processes,

A gtill novel interpretation of the modified Coulomb law

cen be hed interms of & stochastic process envisaged by some
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mw-,m in the context of potential scattering, where the
sphericelly symmetrical potential was ellowed to evolve
gtochestically with the radial distence, such a sphericelly
aymmetric potential is given by

v(x-”_,) e M /ru,, (5.5)

where the paremeter M hi;tochutio veriable evolving with
the rediel distence ry,. Assuming @ binery Markovian process
( M= }1, or =1 ) for the veriate A , the average potential
was found to be given by

-)r
(Qqep +2p0 12)

VavlFio ) = STy, ; (5.6)

where ) = p + @, p is the probebility per unit d istence theat
M Jumps from +1 t0 «1, and qQ the probability of the comple-
mentary event, Also, for the case A = 1, or 0, the avove

expression is modified as

-Ar‘n
(a+pe “)

The above two potential are reedily seen to be linear combi-
netions of the Coulomb =nd the Yulkewa potertials, With the
proper choice of the probebility densities p and q, the ebove
expressions ean be shown to be equivalent to the modified
potential (5,1) employed in the preceg¢ding celeculetions,

The stochestic nature of the cherged paremeter L , however
renders the usual charge conservation lew stetisticel in
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charagter, /s is welleknown, the charge conservation is
pesocimted with, in fect consequent upon, the gauge inveriarce
of the first kind,>! The sbove would imply that the gauge
invarisnce @7 the first kind holds only in the statisticel
sense, The violetion of this gauge inverisnce, 07 course,
should lesd to crestion or amnihiletion of electricmal cherges,
This would suggest the occurrence of some short lived (exchenge)
perticles which ere presumably responsible for the modificetion
of the Coulomb lew, The ebove explenation, though fascineting,
cen at best be regerded es purely sugpgestive, end is, of course,
not escential to the present thesis,
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