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Abstract

Abstract

The shape of electron or to be more specific, the electric dipole moment of electron (eEDM)

has a great importance in physics as it can explain some of the well known mysteries of funda-

mental physics like matter-antimatter asymmetry in our universe. The best known theory till date

[standard model (SM) of elementary particles] is unable to explain this asymmetry as it treats both

particle and antiparticle exactly in the same way. Therefore, the search for eEDM can explore the

physics beyond the SM. However, the deviation of the shape of the electron from perfect round-

ness or the value of eEDM has to be very small. This smallness restricts us to do experiments with

single electron as the highest electric field generated by today’s technology is not large enough to

observe any eEDM effect. So, we are bound to do experiments with atoms or molecules where we

can use the internal electric filed generated by the heavy nucleus. Heavy hetero-diatomic molecules

are very promising candidate for the eEDM experiment as they offers very high internal effective

electric field (Eeff). However, Eeff cannot be measured by any experimental technique. So, one

has to rely on a very accurate theoretical method to calculate Eeff, precisely. So, the accuracy of

the theoretically estimated Eeff cannot assessed from experiments. However, the accuracy of the-

oretically obtained Eeff can be estimated by comparing theoretically obtained hyperfine structure

(HFS) constants with the experimental values, because the calculation of both requires an accurate

wave function in the nuclear region. However, the computation of an accurate wavefunction in the

nuclear region of a heavy diatomic molecule is not a trivial task as it requires simultaneous inclu-

sion of both the effect of special relativity and electron correlation due to the intertwined nature

of these two effects. The relativistic coupled-cluster method using four-component wavefunction

meets these requirements to fulfill the purpose.

The thesis deals with the implementation of various coupled-cluster methods in the relativistic

framework to generate an accurate ground state wavefunction in the nuclear region and finally the

calculation of various parity (P) and time reversal invariance (T ) violating (P, T -odd) properties

of different heavy diatomic molecules in their ground state configuration. The thesis is organized

as follows:

CHAPTER 1: The question, why the precise value of eEDM is so important, how it can explore

the physics beyond standard model is being addressed in subsequent sections of the chapter. The

importance of electronic structure theory in the eEDM experiment is also discussed here. In the

xi



Abstract

electronic structure theory, we have chosen the relativistic domain for the calculations and the

reasons are explained here. We have also discussed the advantage of coupled-cluster method over

the other various many-body method for the correlation calculation.

CHAPTER 2: As in the previous chapter, we have shown the importance of ab initio method

for the calculation of various P, T -odd interaction constants, in this chapter, we have opted for

the implementation of the extended coupled-cluster (ECC) method in the relativistic framework to

generate an accurate wavefunction in the nuclear region of atoms and molecules. The implemented

ECC method is applied to calculate the magnetic HFS constant of alkali metals (Li, Na, K, Rb,

and Cs), singly charged alkaline-earth-metals (Be+, Mg+, Ca+, and Sr+) along with parallel and

perpendicular magnetic HFS constants of BeH, MgF, and CaH molecules. We have compared our

ECC results with the calculations based on the restricted active space configuration interaction

(RAS-CI) method. Our results are in better agreement with the available experimental values than

those of the RAS-CI values.

CHAPTER 3: Although the implemented ECC method yields relatively good results for the

HFS constant of atoms and molecules, it is not good enough for our purpose as the generated

wavefunction is not that much accurate in the nuclear region what we need for the calculation of

various P, T -odd interaction constants. Further, this method is computationally very expensive

to do a calculation of the relevant heavy diatomic molecules with a reasonable basis set. So, in

this chapter, we opted for the implementation of Z-vector method in the relativistic coupled-cluster

framework to generate an accurate wavefunction in the nuclear region as well as outer region. The

implemented method is applied to calculate the molecular dipole moment and parallel component

of the magnetic hyperfine-structure constant of the SrF molecule. The results of our calculation

are compared with the experimental and other available theoretically calculated values. We are

successful in achieving good accordance with the experimental results. We also compared the

Z vector results of the HFS constants of alkali metals and singly charged alkaline-earth-metals

with the results using the ECC method calculated in the previous chapter using the same basis

and cutoff. The comparison shows that the Z-vector method can yields more accurate results than

the ECC method. Thus, these results show that the Z-vector method can yield an accurate wave

function in both the far and near nuclear region.
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Abstract

CHAPTER 4: In this chapter, we have employed both the Z-vector method and the expectation-

value approach in the relativistic coupled-cluster framework to calculate the effective electric field

(Eeff) experienced by the unpaired electron and the scalar-pseudoscalar (S-PS) P, T -odd inter-

action constant (Ws) in the ground electronic state of RaF. As the experimental magnetic HFS

constants of RaF are not available, we have calculated the magnetic HFS constants of 223Ra+ and

compared with the experimental values. The outcome shows that the Z-vector method is superior

to the expectation-value approach. The Z-vector calculation shows that RaF has a high Eeff (52.5

GV/cm) and Ws (141.2 kHz). This makes it a potential candidate for the eEDM experiment.

CHAPTER 5: The chapter considers the calculation of Eeff and parallel component of HFS

constant (A‖) of PbF as it has some interesting characteristics, which make it a strong candidate

in the search of electron EDM. We have achieved a very accurate wavefunction in the near nu-

clear region which is evident from our A‖ values. This shows that our calculated Eeff value (38.1

GV/cm) is the most reliable one. The outcome of our calculations also clearly suggests that the

core electrons have significant contribution to the “atom in compound” properties.

CHAPTER 6: Here, we have applied the Z-vector method in the relativistic coupled-cluster

framework to calculate various P, T -odd interaction constants of HgH and found that it has a very

large Eeff (123.2 GV/cm) and Ws (284.2 kHz). This makes HgH a potential candidate for the next

generation eEDM experiment. Our calculated parallel and perpendicular magnetic HFS constants

of HgH are also in good agreement with the experiment. This shows the reliability of our final Eeff

and Ws values. Further, We have derived the relationship between these quantities and the ratio

which will help us to get model independent value of eEDM and S-PS interaction constant.
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CHAPTER 1

The Scope of Electronic Structure Theory in

the Electric Dipole Moment Experiment of

Electron

No problem can be solved from the same

level of consciousness that created it.

Albert Einstein

The question, why the precise value of eEDM is so important, how it can explore the physics beyond standard

model is being addressed in subsequent sections of the chapter. The importance of electronic structure theory in the

eEDM experiment is also discussed here. In the electronic structure theory, we have chosen the relativistic domain for

the calculations and the reasons are explained here. We have also discussed the advantage of coupled-cluster method

over the other various many-body method for the correlation calculation.

2



Ph.D Thesis AcSIR

1.1 Introduction

Our universe, thankfully, imparts a continuous source of mysteries, which at first give excitement

and somewhat entertainment but then put us in an enigmatic state to solve those mysteries. Despite

the success of the standard models (SM) of elementary particle physics and cosmology, there are

a ‘cosmic gaps’ in our understanding of the way of our universe works. The characteristic of dark

matter and dark energy, which together form almost 96% mass and energy of our universe, remains

an absolute mystery. Yet there is a bewildering puzzle even within the 4% of the universe which

we do claim to understand. The puzzle is about the paradox of matter-antimatter asymmetry.

Equal amounts of matter and antimatter were created out of the energy after the Big Bang, but

at the present time, any considerable amount of antimatter does not seem to be naturally exist

anywhere in our universe [1]. So, the million dollar question remains as where all the antimatter

has gone. The combination of charge conjugation (C) and parity (P) symmetries (CP) violating

interaction along with other factors can explain this matter-antimatter asymmetry [2]. However,

the CP violation within the SM of electroweak and strong interaction (arising from complex quark

mixing Kobayashi-Maskawa matrix) is not strong enough to explain this asymmetry [3]. Despite

the fact that the SM has some well known unresolved problems and drawbacks, there is very little

experimental data available which directly contradict the SM. On the other hand, there are many

extensions of the SM which can resolve the flaws of the SM but the validation of the correct

theory or the right step towards a “theory of everything” can only be resolve through extensive

experimental findings [4–6]. Thus, the search for the violation of fundamental symmetries can

explore ‘beyond standard model physics’ and in turn can help us to test various unification theories

of particle physics [7].

1.2 The three fundamental discrete symmetries of physics: C,

P and T

For a long time, it was considered that the laws of physics would be the same if we invert the space.

Thus, the conservation of space inversion symmetry, parity (P), was believed to be the symmetry
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of nature. However, in 1957, the surprised discovery reveals that the P symmetry is violated in

the radioactive β decay process [8]. Wu and co-workers found that when a particular nucleus was

located in a magnetic field, emitted electrons from the β decay were preferentially radiated in the

opposite direction of the angular momentum of the nucleus [8]. This situation is illustrated in

Matter World Antimatter World

n u n u

Figure 1.1: Violation of P symmetry

Figure 1.1. On reflection, the emitted electron (arrow) reverses its direction but the direction of

rotation or the angular momentum does not change. The left hand side of the mirror represents

the actual directional preferences, while its mirror image represents a directional preference that is

not observed in this world. So, when an experiment can identify an object from its mirror image,

P is not conserved. However, if somehow we can make a nucleus out of antimatter, its β decay

would occur same way, except the right hand side of the mirror would represent the directional

preference of the outgoing electron. In that antimatter world, the left hand side image would

represent the directional preference that would not be found in nature.

So, if the mirror represents CP operation i.e., it not only reverses spatial direction (P) but also

transforms matter to antimatter (C), then the image and its mirror image would look like identical.

The individual violation of C and P mutually cancels each other and preserves CP symmetry.

Another fundamental symmetry is the time-reversal T symmetry. This symmetry deals with the

question of whether a system behaves same way or different way when the direction of time is

reversed i.e., run backwards instead of forward.

It is now well known that the combination of C, P and T which is also known as CPT symme-

try is a symmetry of the nature [9, 10]. Lorentz invariance, locality and quantum field theory (QFT)
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ensure the CPT symmetry. So, an experimental observation of CPT violation implies either one

or any combination of QFT, principle of locality or Lorentz symmetry is broken but so far there

are no such experimental indication. Therefore, CP symmetry refers T symmetry also. There are

no direct experimental confirmation of T violation but our everyday “arrow of time” experience

suggests that there must be a counterpart of T asymmetry in the microscopic world; a mystery for

which physicists currently have no answer.

Until 1964, the CP symmetry was thought to be the symmetry of nature but in that year,

Christenson, et al [11] observed that the long lived K meson, Kν
L decayed into two pions, π+

and π−. For the decay of K meson, CP = −1 if CP were a good symmetry and Kν
L should

decay into three pions not two. Since, only two pions were observed experimentally, it means, CP
symmetry is violated. In the light of CPT theorem, CP violation means T violation also. Despite

so many attempts, no direct T violation has been observed yet [12].

The T violation can help us to understand the matter-antimatter asymmetry of our universe.

One plausible solution to this mystery involves the T asymmetry in the early phase of the universe;

the theory is that the rate of certain processes that turn antimatter to matter is faster than the

inverse processes that convert matter to antimatter [2]. But this idea does not quite work as the

known (indirect) T -violation in particle physics is too weak to explain the observed size of the

matter-antimatter asymmetry [3]. This makes us to believe that there must be other T violation

interaction out there in physics that is unknown as of now. The permanent electric dipole moment

of electron (eEDM) might play a part in the search for such new sources of T violation [13].

1.3 Permanent electric dipole moment of electron and its par-

ticle physics implication

The electric dipole moment (EDM) of any elementary particle in an eigenstate of angular momenta

is a consequence of violation of both T and P as dipole moment (D) is odd under P [P(D) = −D]

and even under T [T (D) = D] but spin (S) is even under P [P(S) = S] and odd under T [T (S) =

−S] [4, 5]. In the SM of electroweak and strong interaction, the CP violation originates itself by

a complex quark mixing matrix, the Kobayashi-Maskawa matrix (this matrix maps the mismatch
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Table 1.1: Predicted eEDM in different model of particle physics

Name of Model |de| (e.cm)

Standard Model < 10−38

Lepton flavor-changing 10−29 − 10−26

Left-right symmetry 10−28 − 10−26

Multi-Higgs 10−28 − 10−27

Supersymmetry (SUSY) ≤ 10−25

Experimental bound < 8.7× 10−29

of quark’s quantum states when they propagate freely and participate in the weak interaction),

which arises from complex Yukawa coupling [14]. Kobayashi-Maskawa model can explain the

CP violation found in the decay of neutral K and B meson [15], which is the only place where

CP violation is observed so far. This CP violation within the SM is inadequate to explain the

matter-antimatter asymmetry. If the additional CP violation required to explain this asymmetry is

present in the lepton sector, it is predicted to show up as an observable eEDM. According to the

SM, the eEDM is too small (de < 10−38 e cm) to be observed experimentally [16]. On the other

hand, many extensions of the SM suggest that it would lie in the range of current experimental

sensitivity (see Table 1.1 [5, 17]). Therefore, the discovery of an EDM or an improved limit on

its size can give information about new sources of CP or T violation. The limit on the eEDM has

already prohibited a significant section of the parameter space of supersymmetry (SUSY) [18], a

theoretical extension of the SM that is often believed to be true.

Till date, the best limit of electron EDM in an atomic system is achieved from the Tl atom

experiment (|de| < 1.6×10−27 e cm) [19]. However, the discovery of Sandars [20] reveals that the

effective internal electric field experienced by an electron is profoundly enhanced in heavy-atom

containing polar molecule which makes these polar diatomics very promising candidate in the

search of the P- andP, T -violating experiments [21, 22]. The latest best upper limit of electron

EDM is set from the ThO experiment (|de| < 8.7 × 10−29 e cm) by ACME collaboration [23].

This limit is one order lower in magnitude than the previous best limit (|de| < 10.5× 10−28 e cm),

which is obtained from the molecular YbF experiment [24].
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1.4 General principle for the measurement of eEDM

~E parallel to ~B, precesses faster.

2(~µ · ~B + ~d · ~E)

~B

~E

~d

~µ

~E antiparallel to ~B, precesses slower.

~B

~E

~d

~µ

2(~µ · ~B − ~d · ~E)

Figure 1.2: Basic sketch of the EDM experiment

Now that we understand precise value of the eEDM is a very important quantity, the next

question is how to measure it. The basic principle for the measurement of eEDM is same as

the measurement of EDM of any neutral system (see Figure 1.2). If the system of interest has a

magnetic moment, ~µ, and is placed in a magnetic field ~B, the interaction Hamiltonian is

Hmag = −~µ · ~B. (1.1)

From the point of view of a classical theory, the magnetic moment ~µ experiences a torque due to

the magnetic field ~B, and precesses around it. The precessional frequency for the system having

an energy separation of 2~µ · ~B between |J,+m〉 and |J,−m〉 (where J and m are total angular

momentum and its component along z axis, respectively) states are given as

ω =
2(~µ · ~B)

~
. (1.2)

If the system under consideration has an EDM (~d) and we apply an electric field ( ~E), the electric

field will exert a torque on the dipole moment. So, the interaction of the EDM with the electric

field will change the precessional frequency depending on the orientation of ~E with respect to ~B.

Now, from the projection theorem [25], we know that in the eigenstate of angular momentum, the
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expectation value of the operator ~d is proportional to the expectation value of ~J . This means that

if ~E is parallel to ~B, the precessional frequency will be

∆ω+ =
2(~µ · ~B + ~d · ~E)

~
. (1.3)

Now, if ~E is anti-parallel to ~B, the precessional frequency will be

∆ω− =
2(~µ · ~B − ~d · ~E)

~
. (1.4)

The purpose of the EDM experiment is to measure the change of precessional frequency, δω (=

∆ω+ −∆ω−) when ~E is flipped with respect to ~B. So, the change of frequency is given by

δω = ∆ω+ −∆ω− =
4~d · ~E
~

. (1.5)

The Eq. (1.5) can be used to obtain the value of permanent EDM of the system of consideration.

1.5 The scope of relativistic electronic structure theory

The Eq. (1.5) of the previous section shows that the observed quantity (i.e., the P, T -odd frequency

change) in the eEDM experiment is directly proportional to the value of the permanent EDM of the

system and the electric field it is experiencing. The smallness of the value of eEDM restricts us to

do experiment with single electron as the highest external electric field generated in the laboratory

is not large enough to observe any eEDM effect. On the other hand, atoms and molecules have been

proposed and experimented as it offers very high sensitivity of the EDM effect [16, 21, 22, 26].

The interaction Hamiltonian of the eEDM with the electric field in an atom or molecule can be

given in the relativistic theory as [27]

HEDM = −
∑

i

deβ~Σi · ~Ei, (1.6)

where β is a Dirac matrix and ~Σ are Dirac spin vectors. The sum is over all the electrons, but only

the unpaired electrons will contribute to the above summation. ~Ei is the total electric field acting

on the ith electron. Near the nuclear region, ~Ei is governed by the electric field of the nucleus

which is given by

~Ei ≈
Z~ri
r2i

, (1.7)
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where Z is the atomic number.

In a non-relativistic theory where the point particles (both electron and nucleus) are held to-

gether by the classical electrostatic forces, the expectation value of HEDM is always zero; a conse-

quence of the Schiff’s theorem [28, 29]. This result is surprising as it states that although individual

electron has EDM, the net effects in an atomic or molecular system is always zero if we treat it

non-relativistically. On the other hand, Salpeter [27] pointed out that when a particular electronic

configuration allow electrons to approach close enough to the nucleus to experience relativistic

effects, HEDM can have a non-zero expectation value in that particular electronic state. Sandars

[20, 30–33] also pointed out that in the appropriately chosen situation, the interaction can also be-

come much larger than achieved in the laboratory field (∼ deElab). The expectation value of HEDM

in an atomic state can be written as

〈Ψ|HEDM|Ψ〉 ≡ −de〈Ψ| ~J|Ψ〉 · ~Eatom, (1.8)

where, |Ψ〉 is the four component electronic wavefunction of the atomic state, ~J is the total angular

momentum and ~Eatom is the “internal electric field” of the atom. It is parallel to the ~Elab and its

magnitude is dependent on the extent of polarization of the atom in the laboratory electric filed ~Elab

[16]. The magnitude of ~Eatom is also dependent on the amplitude of the electronic wavefunction

(|Ψ〉) in the nuclear region where the electrons are accelerated to achieve relativistic speed and the

Sanders effect is most enhanced. This means that the effect is strongest for the s electrons. Eatom

scales with Z as ∝ Z3 [16, 33].

The polarizability of an atom is ∼ a30 [34]. So, even in the largest applied electric fields, the

atomic polarization and the Eatom are linear with respect to the polarizing electric field Elab. So, for

atoms, the Eq. (1.8) can be alternatively written as

〈Ψ|HEDM|Ψ〉 ≡ −~Da · ~Elab ≡ −Rde
~J

|J | ·
~Elab, (1.9)

where, ~Da is the permanent atomic EDM resulting from EDMs of individual electrons. R is

called the “enhanced factor” which is defined as R = Da

de
. This enhancement factor, which is

a very important quantity to derive the limit on de from an atomic EDM experiment cannot be

measured experimentally and thus has to be calculated from a relativistic electronic structure the-

ory. A number of heavy atoms were experimented and eventually improved the upper limit on the
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eEDM value. The best upper bound limit from an atomic experiment comes from the Tl beam

spectroscopy where the obtained limit is |de| ≤ 1.6× 10−27 e cm [19].

Polar diatomic molecules are generally more polarizable than the atoms. It can be easily un-

derstood in terms of the following picture. Consider a polar molecule MX , where the heavy My+

ion is bound to the small Xy− ion. We also consider that in the molecular-fixed frame, the atomic

cores are not rotating about their center of mass. The presence of ∼ ye units of charge, located

only a small distance a0 (where a0 is bond length) away from the Xy− ion, generates an electric

field Emol ∼ y
a2
0

∼ 10s of GV/cm (depending on the molecule) that polarizes the heavy My+ ion.

However, in the laboratory frame, where the state of the collection of all particles (i.e., nuclei,

core and valance electrons) is an eigenstate of the total angular momentum (J), the polarization

of the M atom by the X atom averages out and the static polarization vanishes. When a labora-

tory field ~Elab is applied, the eigenstates of the molecule have polarization oriented either along

or against ~Elab. When this happen, the polarization of M atom by the X atom that existed in the

molecular-fixed frame (or some fraction of it depending on the orientation of the molecule) gets

oriented either along or against ~Elab. The laboratory electric field only orients the molecule-fixed

dipole, while the strong electronic interaction between two oppositely charged nuclei polarizes the

M atom.

The large polarizability of diatomic molecules can also be understood as originating from the

presence of closely spaced opposite parity labels in the molecules. The opposite parity states are

typically spaced by around 2π × 10s of GHz (for rotational states) or even as small as 2π × 10s

of kHz (for Ω-doublets), even though the dipole matrix elements between these states are still in

the order of an atomic unit (D ∼ ea0). Larger internal electric field can be obtained by the larger

polarization of diatomic molecules in a laboratory scale electric field. However, this also means

that the ~Emol, which is the internal electric field analogue of ~Eatom for a molecule, is no longer

linear to the polarizing electric field ~Elab when the molecule is strongly polarized. Therefore, the

parametrization in terms of enhancement factor R is meaningless, and thus, we need to describe

the enhancement due to Sandars effect in term of internal electric field of molecule.

In heavy diatomic molecules, the relativistic effects that lead to large Emol are very important.

The spin-orbit effects, which also originates due to special relativity, strongly couple the spin ~S of
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the electrons to their orbital angular momentum ~L to result the total angular momentum ~J = ~L+ ~S.

Thus, for such systems, the ~de lies along ~J . The projection of ~J onto the internuclear axis of the

molecule (n̂) is called Ω̂ (≡ ~J · n̂). The electronic states of diatomic molecules are eigenstates of

the operator Ω̂ [35–37]. In the laboratory frame, the expectation value of Ω̂ is zero (〈Ψ|Ω̂|Ψ〉 = 0)

in any eigenstate of the parity operator or the square of the total angular momentum operator J2.

In a diatomic molecule the relativistic eEDM Hamiltonian can be parametrized as [38]

〈Ψ|HEDM|Ψ〉 ≡ −de〈Ψ| ~J|Ψ〉 · ~Emol = −deΩEmol, (1.10)

where, Ω = 〈Ψ|Ω̂|Ψ〉 is determined by the degree of polarization of |Ψ〉 state by the laboratory

electric field ~Elab. The internal electric field ~Emol (= n̂Emol) is directed along the internuclear

axis. The quantity ΩEmol, also known as effective internal electric field (Eeff) is a property of a

specific molecular electronic state. Just like the enhancement factor R in atomic case, there are no

experimental observable for the Eeff of diatomic molecule. So, it has to be calculated by a very

reliable relativistic electronic structure theory [39, 40].

1.6 eEDM in Dirac theory

In a many electron molecular system, the Dirac Hamiltonian is given by

HDC =
∑

i

(

c~αi · ~pi + βmc2 +
∑

n

Vn(ri)
)

+
∑

j 6=i

e2

rij
, (1.11)

where, c is the speed of light, α and β are the usual Dirac matrices and V nuc(ri) is the nuclear

potential function. The above Hamiltonian is also known as Dirac-Coulomb (DC) Hamiltonian as

the two-electron interaction is approximated as Coulomb interaction, which treats electron-electron

repulsion non-relativistically. From the above expression it is clear that the internal electric field

( ~E int
i ), which the ith electron experiences due to the presence of other nuclei and electrons of the

molecule can be parametrized as

e ~E int
i = −~∇i

(

∑

n

Vn(ri) +
∑

j 6=i

e2

rij

)

. (1.12)

The permanent molecular EDM resulting from EDMs of individual electrons is given as

HEDM = −deβ
∑

i

~Σi · ~E int
i . (1.13)
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However, from Schiff’s theorem [28, 29], we know that the expectation value of the above Hamil-

tonian vanishes in the non-relativistic limit (β = 1). So, we can replace β by β − 1 and thus, the

residual EDM interaction Hamiltonian becomes [41]

HEDM = −de(β − 1)
∑

i

~Σi · ~E int
i . (1.14)

The expectation value of the effective internal electric field (Eeff) can be obtained by evaluating the

following matrix element

Eeff =
1

de
〈ΨΩ|HEDM|ΨΩ〉, (1.15)

where, ΨΩ is the electronic wavefunction of the Ω state where Ω is the projected value of the total

angular momentum along the molecular axis of a diatomic molecule.

1.7 Scalar-pseudoscalar interaction in atoms or molecules

Experimentally, only the net molecular EDM effects induced by various P, T -odd interactions

(not only just eEDM) can be observed. There are two main sources of permanent molecular EDM

(arises only when both T and P symmetries are broken and the Stark shift induced by this EDM

increases linearly with external electric field [42, 43]) of a paramagnetic molecule: the eEDM and

the scalar-pseudoscalar (S-PS) interaction of nucleon and electron. The former has been described

extensively in the previous sections and in this section, we’ll briefly describe about the latter one.

The S-PS electron-nucleon interaction arises from the coupling interaction between the scalar-

hadronic current and the pseudoscalar electronic current. The scalar and pseudoscalar components

of neutral Higgs boson (H) particle can mediate this interaction (see Figure 1.3) [44]. There is

only one Higgs particle in the SM which forbids such interaction but a number of various multi

Higgs models [including the minimal supersymmetric standard model (MSSM)] predicts such in-

teraction [44]. An interesting characteristics of these models is that they also predict the baryon

number violation originating from the exchange of neutral Higgs particle which is one of the other

conditions to solve the matter-antimatter asymmetry of our universe [45].

The Hamiltonian of the S-PS interaction of nucleons and electrons are given as [43]

HSP = i
GF√
2
Zksγ

0γ5ρN (r), (1.16)
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eL eR

H

CP

N N

Figure 1.3: Scalar-pseudoscalar interaction of nucleon (N) and electron mediated by an exchange

of Higgs (H) particle. Here, eR and eL are right and left handed electrons, respectively.

where GF is the Fermi constant, γ matrices are the usual Dirac matrices and ρN (r) is the nuclear

charge density normalized to unity. The matrix element of P, T -odd S-PS interaction constant,

Ws, can be parametrized as

Ws =
1

Ωks

〈ΨΩ|
n

∑

j

HSP(j)|ΨΩ〉. (1.17)

Here ks is the dimensionless S-PS electron-nucleus coupling constant. ks can be expressed as

ks = ks,p+(N
Z
)ks,n, where ks,n and ks,p are electron-neutron and electron-proton coupling constant,

respectively. Z and N are the number of proton and neutron in the nucleus, respectively. It is worth

to remember that just like de, the value (or upper bound limit) of ks is very important to explore

“new physics” beyond the standard model. The quantity Ws is a very important quantity to set

upper bound limit on ks from the experimentally measured P, T -odd frequency change. However,

Ws cannot be measured experimentally and thus it has to be calculated by a very reliable ab initio

theory.

1.8 Importance of the ratio of Eeff to Ws

As both eEDM and S-PS interactions of electrons and nuclei give rise to the permanent molecular

dipole moment of a diatomic molecule, it is impossible to decouple these two contribution from

a single experiment. That’s why in most of the calculation, either eEDM or the S-PS interaction
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is considered as the only possible source of permanent molecular EDM. For example, the best

upper bound limit of eEDM (de) and S-PS interaction constant (ks) is obtained from the ThO

experiment by ACME collaboration [23] where they have used the theoretically calculated value

of effective electric field (Eeff) and S-PS P, T -odd interaction constant (Ws) [46, 47]. In the

calculation of de, the S-PS coupling constant ks, is assumed to be zero and vice versa, although

both of these contribute to the P, T -odd frequency shift in the experiment. However, it is possible

to get independent limit of de and ks by using the results from two different experiments [48] and

for this the accurate value of the ratio of Eeff to Ws is very important.

Since, the dominant contribution of P, T -odd frequency shift comes from the eEDM and S-PS

interaction, considering only those two effects we can get the following relation [23]

deEeff +
Wsks
2

= ~ω
P,T

, (1.18)

where ~ is the Planck’s constant and ω
P,T

is the experimentally measured P, T -odd frequency shift.

=⇒ de +
Wsks
2Eeff

=
~ω

P,T

Eeff

, (1.19)

or,

de +
ks
2R

= dexpte |
ks=0

. (1.20)

Here, dexpte |
ks=0

is the eEDM limit derived from the experimentally measured P,T-odd frequency

shift where ks is assumed to be 0 and R is defined as

R =
Eeff

Ws
. (1.21)

Eq. (1.20) defines the interrelation of the independent limit of de, ks and experimentally determined

dexpte |
ks=0

. In experiment, the only measured quantity is the P, T -odd frequency shift (ω
P,T

). As

both de and ks are responsible for the P, T -odd frequency shift, we cannot get independent limit

of de and ks since there are two unknowns (de and ks) and one equation (Eq. 1.18). However, the

experimentalists extract the upper bound limit of de by assuming only de contribution, i.e., they

put ks = 0 in the Eq. 1.18.
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1.9 Magnetic hyperfine structure interaction in atoms and di-

atomic molecules

The accuracy of the theoretically estimated P, T -odd interaction constants described in Eq. (1.15)

and (1.17) cannot be mapped with the experiment as there are no corresponding experimental

observables. However, the accuracy of theoretically obtained P, T -odd interaction constants can

be assessed by comparing theoretically obtained magnetic hyperfine structure (HFS) constants with

the experimental values, because the calculation of both requires an accurate wave function in the

nuclear region.

The interaction of nuclear moment with the internally generated electromagnetic field by elec-

trons causes small shift and splitting in the energy levels of atom, molecule or ion. This interaction

is known as magnetic hyperfine structure (HFS) interaction [49]. Thus, it can be viewed as a one

body interaction from the electronic structure point of view. The magnetic vector potential ( ~A) at

a distance ~r due to a nucleus K of an atom can be parametrized as

~A =
~µk × ~r

r3
, (1.22)

where ~µk is the magnetic moment of nucleus K. The perturbed HFS Hamiltonian of an atom due

to ~A in the Dirac theory is given by Hhyp =
∑n

i ~αi · ~Ai, where n is the total no of electrons and αi

denotes the Dirac α matrices for the ith electron. Now the magnetic hyperfine constant (AJ) of the

J th electronic state of an atom is given by

AJ =
1

IJ
〈ΨJ |Hhyp|ΨJ〉 =

~µk

IJ
· 〈ΨJ |

n
∑

i

(

~αi × ~ri
r3i

)

|ΨJ〉, (1.23)

where |ΨJ〉 is the wavefunction of the J th electronic state and I is the nuclear spin quantum number.

For a diatomic molecule, the parallel (A‖) and perpendicular (A⊥) magnetic HFS constant can

be written as

A‖(⊥) =
~µk

IΩ
· 〈ΨΩ|

n
∑

i

(

~αi × ~ri
r3i

)

z(x/y)

|ΨΩ(−Ω)〉. (1.24)

It is clear from the above equation that the A‖ is proportional to the diagonal matrix elements

of
(

~α×~r
r3

)

z
but A⊥ is proportional to the non-diagonal matrix elements of

(

~α×~r
r3

)

x/y
between two

different states (+Ω and −Ω). However, +Ω and −Ω states are degenerate and their corresponding
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determinants differ by only one spin up or spin down electron (for a single unpaired electron

systems). Thus, the cluster amplitudes are of same magnitude for both +Ω and −Ω states. So,

for each system, cluster amplitudes can be evaluated once and they can be used to calculate both

A‖ and A⊥ with their corresponding property integrals. However, the rearrangement of the one

electron property matrix of A⊥ is necessary in the contraction between individual matrix element

and proper cluster amplitude.

1.10 Importance of hyperfine structure constant

The best way to know the quality of the electronic wavefunction in the nuclear region is to check

the theoretically obtained hyperfine structure (HFS) constant with the available experimental value.

The interaction of nuclear moment with the internally generated electromagnetic field by electrons

causes small shift and splitting in the energy levels of atom, molecule or ion. This interaction

is known as hyperfine structure [49], which plays a key role in atomic clock and laser experi-

ments. A variety of applications including telecommunications, global positioning system, very-

long-baseline interferometry telescopes [50] and test of fundamental concepts of physics [51] de-

mand very precise measurement of time, which can be given by an atomic clock, where the unit of

time is defined in terms of frequency at which an atom absorbs or emits photon during a particular

transition. The laser cooling and atom trapping experiments require the knowledge of HFS as it

influences the optical selection rule and the transfer of momentum from photon to the atom. In par-

ticular, as the line width of transition of laser is much smaller than the energy difference between

two hyperfine labels, the frequency of repumping laser depends on the separation of hyperfine

labels [52].

The standard model (SM) of particle physics predicts either a zero or a very small (less than

10−38 e.cm) electric dipole moment (EDM) of an electron. Therefore, a measurable non-zero EDM

of an electron can explore the physics beyond SM. The violation of time reversal (T ) or equiva-

lently charge conjugation (C) and spatial parity (P) symmetry of an atomic/molecular system is

responsible for the non zero EDM of an electron. Unfortunately, the accuracy of the theoretically

estimated P, T -odd interaction constants cannot be mapped with the experiment as there are no
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corresponding experimental observables. However, the accuracy of theoretically obtained P, T -

odd interaction constants can be estimated by comparing theoretically obtained HFS constants with

the experimental values as the calculation of both requires an accurate wave function in the nuclear

region and the operator forms are more or less similar.

1.11 Dirac-Hartree-Fock method

Now that we have known the importance of the electronic structure theory, our aim is to imple-

ment a many-body theory in the relativistic framework that can produce an accurate wavefunction

in the nuclear region of the heavy diatomic molecules. The many-electron relativistic Hamiltonian

is given in Eq. (1.11), where the two-body interaction is incorporated as Coulomb approximation.

However, it is not possible to solve this Hamiltonian exactly due to the presence of two-electron

term. So, in search for an approximate solution, at the first attempt, independent particle approxi-

mation is incorporated where the complex two-body interaction is approximated as summation of

one-body potential terms. Within a single determinant theory, the best solution of Dirac-Coulomb

Hamiltonian can be obtained by using Dirac-Hartree-Fock (DHF) method. The DHF Hamiltonian

can be written as

HDHF =
∑

i

[−ic ~α · ~∇+ (β − I)c2 + V nuc(ri) + vDHF (ri)],

=
∑

i

f(ri), (1.25)

where f is the Fock operator with DHF potential

vDHF |χi〉 =
occ
∑

a=1

〈χa|
1

rij
|χa〉|χi〉 − 〈χa|

1

rij
|χi〉|χa〉. (1.26)

Here χ are the single particle wavefunction and summation is over all occupied occ orbitals. The

single particle wavefunction can be obtained by solving the following equation

f(ri)|χi〉 = εi|χi〉, (1.27)

where εi is the energy of the ith orbital.
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So, the DHF Hamiltonian approximates the electron-electron repulsion in an average way such

that the complicated many electron problem becomes the sum of one electron problems. The

residual interaction is given as

Vres(ij) =
∑

j<i

1

rij
−

∑

j

vDF (rj). (1.28)

This residual interaction can be incorporated by the treatment of electron correlation.

1.12 Electron correlation

The DHF method takes care most of the part of the energy calculation but the missing instantaneous

electron-electron interaction is very important for the P, T -odd properties we discussed above.

The energy difference between the DHF energy and the exact energy of a state in complete basis

limit is defined as the correlation energy of the state [53]. There are various method that can treat

electron correlation of opposite spin electrons. These methods can be based on perturbation theory

or variational theorem , or both or even can be neither of them. Among various post Hartree-Fock

methods, many body perturbation theory (MBPT), configuration interaction (CI) or coupled-cluster

(CC) methods are the most familiar one. In this thesis, we have used the CC method to treat the

dynamic part of the electron correlation.

1.13 Why coupled-cluster?

Among the three correlation methods stated above, the CI [53–55] is the simplest one and the

corresponding wavefunction can be parametrized as

|Ψ〉 = |Φ0〉+
∑

i,a

Ca
i |Φa

i 〉+
∑

j<i

b<a

Cab
ij |Φab

ij 〉+ . . . , (1.29)

where i, j are the hole indices (or occupied orbital indices in DHF wavefunction) and a, b represent

the particle or virtual orbital indices. |Φ0〉 is the DHF wavefinction and Φa
i is the excited deter-

minant where the ith occupied orbital of |Φ0〉 is replaced by ath virtual orbital and so on. Ca..
i.. is

the expansion coefficient corresponding to the determinant Φa..
i.. . The expansion coefficients can be
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achieved either by method of variation or by method of projection. However, as the above expres-

sion is linear, both the method lead to the identical equation which is nothing but an eigenvalue

problem and thus, the solution of the coefficients can be achieved by diagonalizing the Hamilto-

nian in an appropriate determinantal space. If we include all the terms in the above expression, it

is called the full CI (FCI) method, which leads to the exact solution of the system in that particular

basis set. However, the calculation of FCI in a reasonable basis is practically impossible and thus,

one need to use a truncation scheme to do CI calculation. Some of the popular CI methods are CI

with single and double approximation (CISD) or restricted active space CI (RAS-CI). However,

the truncated CI is neither size consistent nor size extensive [56–58]. Size extensivity ensures that

the energy scales properly (i.e., linearly) with the particle number and size consistency deals with

the fact that energy is properly described at the dissociation limit. So, truncated CI fails to live up

the expectation of fulfilling two important criteria of the many-body theory.

Another alternative choice to include electron correlation effect is the perturbation theory [49,

59–62]. In this method, the Hamiltonian is divided into two parts

H = H0 +H ′, (1.30)

where H0 is the perturbation independent zeroth order Hamiltonian whose solution is already

known. H ′ is any extra interaction that we want to include. The wave function can be parametrized

as

|Ψ0〉 = |Φ0〉+ |Ψ(1)
0 〉+ |Ψ(2)

0 〉+ |Ψ(3)
0 〉+ · · ·+ |Ψ(n)

0 〉, (1.31)

where |Φ0〉 is the solution of H0 and |Ψ(n)
0 〉 is the nth order correction to the ground state wave

function. The difference between the exact ground state energy, ǫ0, and the zeroth-ordered ground

state E0 can be expressed as

ǫ0 − E0 = ∆ǫ0 = 〈Φ0|Ĥ ′|Ψ0〉, (1.32)

where intermediate normalization between the zeroth-order ground state and the corresponding

exact state is assumed. ∆ǫ0 can be written as

∆ǫ0 = ∆ǫ
(1)
0 +∆ǫ

(2)
0 +∆ǫ

(3)
0 + · · ·+∆ǫ

(n)
0 , (1.33)
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with

∆ǫ
(n)
0 = 〈Φ0|Ĥ ′|Ψ(n−1)

0 〉, (1.34)

where, ∆ǫ
(n)
0 is the nth order correction to the ground state energy. The computational problem of

perturbation theory is that it converges very slowly. With the addition of higher terms (and thus,

with the expense of more computational cost), the convergence becomes relatively better. The

addition of higher terms through the conventional technique becomes enigmatic from a technical

point of view and thus, one needs to adopt diagrammatic technique.

The most popular among the various many-body theories is the coupled-cluster method as it

can incorporate the electron correlation effects very elegantly. It fulfills both the criteria of the

many-body theory i.e., size-extensivity and size-consistency, provided that the reference state is

size-extensive and size-consistence.

1.14 Coupled-cluster method

Cöester and Kümmel first proposed the concept of CC to solve problems in the area of nuclear

physics [63, 64]. However, in the electronic structure theory, the pair correlation method of

Sinanoğlu [65, 66] and Nesbet [67] constituted the CC method. Hubbard [68], by applying di-

agrammatic techniques of many-body perturbation theory, showed that the exact form of the wave-

function of the ground state can be parametrized as an exponential form. Cizek and Paldus are the

pioneer of the CC theory to apply it for the quantum-chemical problems [69–72].

The exact wavefunction can be generated by operating a wave operator to the DHF wavefunc-

tion. The wave operator adds the orthogonal space (or correlation space) to the Dirac-Fock space.

The exact wavefunction is given by

|Ψexact〉 = Ω|Φ0〉, (1.35)

where Ω is the wave operator and |Φ0〉 is the DHF ground state. The form of wave operator and

wave function in CC approximation can be parametrized as

Ω = eT , (1.36)

|Ψcc〉 = eT |Φ0〉, (1.37)
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where T is the cluster operator which is the sum of one-electron excitation, two-electron excitation

and so on upto N electron-excitation operators. The second quantized form of the coupled-cluster

excitation operator, T , is given as

T = T1 + T2 + · · ·+ TN =

N
∑

n

Tn, (1.38)

with

Tm =
1

(m!)2

∑

ij...ab...

tab...ij...a
†
aa

†
b . . . ajai, (1.39)

where i, j are the hole and a, b are the particle indices and tab..ij.. are the cluster amplitudes corre-

sponding to the cluster operator Tm. Intermediate normalization scheme is generally used which

is given by

〈Φ0|Φ0〉 = 〈Ψcc|Φ0〉 = 1. (1.40)

Using normal-ordered Hamiltonian we can write

HNe
T |Φ0〉 = EcorreT |Φ0〉, (1.41)

where normal-ordered Hamiltonian and Ecorr is given by

HN = H − 〈Φ0|H|Φ0〉, (1.42)

Ecorr = Ecc −EHF . (1.43)

The Eq. (1.41) can be solved by either variational or non-variational way. A traditional CC method,

also known as normal CC (NCC) is a non-variational type and can be achieved in two ways:

method of projection or similarity transformation. In the method of projection, we project the

ground state DHF determinant and excited determinants from the left to obtain the expressions for

energy and cluster amplitudes, respectively. We can get a set of equations by applying generalized

Wick’s theorem for both the energy and the amplitudes where HN and T s are connected. Similarity

transformation procedure also leads to the same set of equations. In this method, we pre-multiply

the Eq. (1.41) by e−T to get

e−THNe
T |Φ0〉 = Ecorr|Φ0〉. (1.44)
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According to Campbell-Baker-Hausdorff formula, one can expand the term e−THNe
T as

e−THNe
T = H + [H, T ] +

1

2!
[[H, T ], T ] +

1

3!
[[[H, T ], T, T ] +

1

4!
[[[[H, T ], T ], T ], T ] + . . . .(1.45)

The consequence of Wick’s theorem and the fact that different cluster operators commute with each

other produce two types of terms. One is of connected types, i.e., in diagrammatic representation,

no vertex is isolated from the rest of the vertex. Another type is the disconnected terms where

one part is disconnected from the other part of the diagram. However, in the above commutation

formula, the disconnected terms mutually cancels each other leading to a set of connected diagrams

only. Thus it follows that

e−THNe
T = (HNe

T )c, (1.46)

where the subscript c indicates only the connected terms in the contraction between HN and T . The

connectedness ensures the size-extensivity. Due to maximum two-body nature of Hamiltonian,

HN can connect at most four different T vertex. This is called the natural truncation of CC ansatz.

Hamiltonian of the left hand side of Eq. (1.44) may be considered as a similarity transformed

Hamiltonian

H̃ = e−THNe
T = (HNe

T )c. (1.47)

This similarity transformed Hamiltonian is non-Hermitian and in principle, can have complex

eigenvalues. The equations for correlation energy and n-body cluster amplitudes are obtained by

projecting 〈Φ0| and n-tuply excited determinants from the left to the equation (1.44), respectively

〈Φ0|(HNe
T )c|Φ0〉 = Ecorr, (1.48)

〈Φa..
i.. |(HNe

T )c|Φ0〉 = 0. (1.49)

The Eq. (1.49) leads to a coupled set of nonlinear equations which have to be solved iteratively

to obtain the cluster amplitudes. Once the cluster amplitude equations are solved, one can get the

correlation energy from Eq. (1.48). The most commonly used CC ansatz is the singles and doubles

approximation where T is truncated as T = T1 + T2.
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[71] J. Čı́žek and J. Paldus, International Journal of Quantum Chemistry 5, 359 (1971).
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CHAPTER 2

Is Extended Coupled-Cluster Method in the

Relativistic Framework Good Enough for

an Accurate Wavefunction in the Nuclear

Region?

All theories are legitimate, no matter.

What matters is what you do with them.

Jorge Luis Borges

As in the previous chapter, we have shown the importance of ab initio method for the calculation of various

P , T -odd interaction constants, in this chapter, we have opted for the implementation of the extended coupled-cluster

(ECC) method in the relativistic framework to generate an accurate wavefunction in the nuclear region of atoms and

molecules. The implemented ECC method is applied to calculate the magnetic HFS constant of alkali metals (Li, Na,

K, Rb, and Cs), singly charged alkaline-earth-metals (Be+, Mg+, Ca+, and Sr+) along with parallel and perpendicular

magnetic HFS constants of BeH, MgF, and CaH molecules. We have compared our ECC results with the calculations

based on the restricted active space configuration interaction (RAS-CI) method. Our results are in better agreement

with the available experimental values than those of the RAS-CI values.

26



Ph.D Thesis AcSIR

2.1 Introduction

In the previous chapter, we have seen that it is very important to implement a many-body theory

which can produce very good wavefunction in the nuclear region of heavy nucleus. To do so, we

need to incorporate both relativistic and electron correlation effects simultaneously as these two

effects are intertwined in nature. The best way to include relativistic effect in a single determinant

theory is to solve the Dirac-Hartree-Fock (DHF) Hamiltonian, whereas single reference coupled

cluster (SRCC) method is known to be the most efficient to include the dynamic part of the electron

correlation [1–5]. The SRCC method can be solved either by method of variation or by non-

variation. The non-variational solution of SRCC method is the most familiar, known as normal

CC (NCC). The NCC, being non-variational, does not have the upper bound property of energy.

The generalized Hellmann-Feynman (GHF) theorem and (2n+1) rule, which states that (2n+1)th

order energy derivative can be obtained with the knowledge up to nth order amplitude derivatives,

are not satisfied [6, 7]. The implication of these theorems save enormous computational effort

for the calculation of higher order properties, which clearly a lack in the NCC. However, the

energy derivatives within the NCC can be obtained by Z-vector approach [8] or Lagrange multiplier

method of Helgaker et al [9]. However, the GHF theorem and the (2n+1) rule are automatically

satisfied in the variational CC (VCC). Among the various VCC methods, expectation value CC

(XCC), unitary CC (UCC) and extended CC (ECC) are the most familiar in literature. The XCC

and UCC use Euler type of functional where the left vector is complex conjugate of the right

vector. The detailed discussion on various variational coupled cluster methods can be found in

reference [10]. The ECC functional proposed by Arponen and coworkers [11, 12] can bypass all

the problems associated with the Euler type of functional by assuming an energy functional which

deals with the dual space of both right and left vector in a double linked form. This double linking

ensures that the energy and its all order derivatives are size extensive. As the left and right vectors

of the ECC functional are not complex conjugates, it contains relatively large variational space as

compared to corresponding Euler type functional.

The linearized version of ECC, in which the left vector is linear, leads to the equations of NCC

[13]. Thus, it can be inferred that ECC wavefunction, which spans more correlated determinantal

space than the NCC, eventually improves the correlation energy as well as energy derivatives.
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2.2 ECC functional

The ECC functional can be derived by parameterizing both bra and ket states. The parametrization

is done by a double similarity transformation that leads to an alternative approach of many body

problem where the functional is biorthogonal in nature. It is pertinent to note that the double

similarity transformed Hamiltonian is no longer Hermitian as the similarity transformations are

not unitary. The ECC functional of an arbitrary operator (A) is given by

〈A〉 = 〈Φ0|eΣ
′

AeΣ|Φ0〉
〈Φ0|eΣ′eΣ|Φ0〉

, (2.1)

where |Φ0〉 is the DHF reference determinant and Σ′, Σ are hole-particle (h-p) destruction and

creation operators respectively. Arponen proved that 〈Φ0|eΣ′

eΣ/〈Φ0|eΣ′

eΣ|Φ0〉 can be written as

〈Φ0|eΣ
′′

, where Σ′′ is h-p destruction operator [11]. Therefore, the ECC functional for the operator

becomes

〈A〉 = 〈Φ0|eΣ
′′

e−ΣAeΣ|Φ0〉. (2.2)

The diagrammatic structure of e−ΣAeΣ, which can also be written as (AeΣ)c (where c stands for

connected), leads to a terminating series. However, the diagrams in which Σ′′ is solely connected

to a single Σ leads to disconnected term in the amplitude equation. To avoid this problem, Arponen

has defined two sets of amplitudes, s and t, with which the functional can be written as

〈A〉 = 〈Φ0|eS(AeT )L|Φ0〉DL, (2.3)

where L means that the T operators right side of A are linked to A vertex and DL denotes that a

S operator must be connected to either A or at least two T operators. The form of the S and T

operators are given by

X =
∑

q1<q2...
p1<p2...

tq1q2...p1p2...
a†q1a

†
q2
. . . ap2ap1 , (2.4)

where X is T when p(q) are hole(particle) index and X is S when p(q) are particle(hole) index.

The analytic energy derivatives can be calculated by using the ECC functional given in equation

2.3 where the operator is replaced by a perturbed Hamiltonian. The field dependent perturbed

Hamiltonian is given by

H(λ) = H + λO = f + v + λO, (2.5)
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where H is the field independent Hamiltonian, O is the interaction Hamiltonian due to external

field and λ indicates the strength of the interaction. f and v are one electron and two electron

part of the field independent Hamiltonian respectively. Vaval et al [14] have shown that the ECC

analytic derivatives can be obtained by expanding the ECC functional as a power series of λ and

making the functional stationary with respect to cluster amplitudes in progressive orders of λ. The

zeroth order k-body cluster amplitudes, which are sufficient to get the first order derivative of

energy (which is nothing but the expectation value in the light of GHF theorem), can be obtained

by using the following conditions

δE(0)

δt
(0)
k

= 0,
δE(0)

δs
(0)
k

= 0. (2.6)

Although ECC functional is a terminating series, the natural truncation in the single and double

model leads to computationally very costly terms. To avoid the costly terms, we have used the

truncation scheme as proposed by Joshi et al, [15] where the right exponential of the functional is

full within the coupled cluster single and double (CCSD) approximation and all the higher order

double linked terms within the CCSD approximation are taken in left exponent. The detailed

algebraic expression and diagrammatic of the amplitude equations and first order energy derivative

are given in Appendix A and Appendix B, respectively

2.3 Computational details

The DIRAC10 program package [16] is used to solve the DHF equation and to generate one-,

and two-body matrix elements. The magnetic hyperfine integrals are constructed by using locally

modified version of DIRAC10 program package. Finite size of nucleus with Gaussian charge

distribution is considered as the nuclear model. The nuclear parameters for the Gaussian charge

distribution are taken as default values in DIRAC10. Aug-cc-pCVQZ basis [17, 18] is used for

Li, Be, Na, Mg, F atoms and aug-cc-pCV5Z [17] is used for H atom. We have used dyall.cv4z

[19] basis for K, Ca and Cs atoms and dyall.cv3z [19] basis for Rb and Sr atoms. All the occupied

orbitals are taken in our calculations. The virtual orbitals whose energy exceed a certain threshold

(see Table 2.1) are not taken into account in our calculations as the contribution of high energy

virtual orbitals is negligible in the correlation calculation. Restricted active space configuration
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interaction (RAS-CI) calculations are done using a locally modified version of DIRAC10 package

and the detailed description of RAS configuration is compiled in Table 2.1. The nuclear magnetic

Table 2.1: RAS-CI configuration and threshold energy of atoms and molecules

Atom/Molecule RAS Configurationa Threshold energyb

RAS I RAS II (a.u.)

Li 2, 1 3, 4 ∞
Na 6, 5 3, 4 ∞
K 10, 9 3, 4 500

Rb 19, 18 3, 4 500

Cs 60

Be+ 2, 1 3, 4 ∞
Mg+ 6, 5 3, 4 ∞
Ca+ 10, 9 3, 4 500

Sr+ 19, 18 3, 4 100

BeH 3, 2 3, 4 ∞
MgF 11, 10 3, 4 10

CaH 11, 10 5, 6 15

a In each RAS configuration spin up and spin down spinors are separated by comma.

Maximum number of holes in RAS I is 2. Maximum number of electrons in RAS III is 2.
b ∞ value means all the spinors are considered in the correlation calculation.

Table 2.2: Nuclear magnetic moment (µ) and nuclear spin quantum no (I) of atoms

Atom 1H 2D 6Li 7Li 9Be 19F 23Na 25Mg 39K 40K 41K 43Ca 85Rb 87Rb 87Sr

I [20] 1/2 1 1 3/2 3/2 1/2 3/2 5/2 3/2 4 3/2 7/2 5/2 3/2 9/2

µ/µN [20] 2.7928 0.8574 0.8220 3.2564 -1.1779 2.6288 2.2175 -0.8554 0.3914 -1.2981 0.2149 -1.3172 1.3530 2.7512 -1.0928

moment (µ) and spin quantum number (I) of the atoms are given in Table 2.2. The experimental

bond length of molecules used in our calculation are presented in Table 2.3.

2.4 Results and discussion

The numerical results of our calculations of HFS constant using 4-component spinor ECC method,

capable of treating ground state open-shell configuration are presented. We also present results

using RAS-CI method.
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Table 2.3: Bond length of the molecules in Å

Molecule Bond length [21]

BeH 1.343

MgF 1.750

CaH 2.003

Table 2.4: Magnetic hyperfine structure constant (A) of ground state (2S1/2) of atoms in MHz

Atom This work Others Experiment δ%

RAS-CI ECC
6Li 148.5 149.3 152.1 [22] 152.1 [23] 1.9
7Li 392.1 394.3 401.7 [22] 401.7 [23] 1.9
23Na 812.1 861.8 888.3 [24] 885.8 [23] 2.8
39K 188.8 223.5 228.6 [24] 230.8 [23] 3.3
40K -234.7 -277.9 -285.7 [25] 2.8
41K 103.6 122.7 127.0 [23] 3.5
85Rb 782.3 972.5 1011.1 [24] 1011.9 [26] 4.0
87Rb 2651.0 3295.7 3417.3 [27] 3.7
133Cs 2179.1 2278.5 [24] 2298.1 [28] 5.5
9Be+ -613.7 -614.6 -625.4 [22] -625.0 [29] 1.7
25Mg+ -568.7 -581.6 -593.0 [30] -596.2 [31] 2.5
43Ca+ -733.3 -794.9 -805.3 [32] -806.4 [33] 1.4
87Sr+ -872.1 -969.9 -1003.2 [32] -1000.5(1.0) [34] 3.1

In Table 2.4, we present the HFS constant values of alkali metal atoms starting from Li to Cs

and singly charged alkaline earth metal atoms (Be+ to Sr+). Our results are compared with the

available experimental values and the values calculated using RAS-CI method. The deviation of

our ECC values from the experimental values are presented as δ%. Our ECC results are in good

agreement with the experimental results (δ% < 6%). It is observed that the deviations increase as

we go down both in the alkali metal and in alkaline earth metal group of the periodic table except

for the Ca+ ion in the series. The deviations of RAS-CI and ECC values with the experimental

values are presented in Figure 2.1. It is clear that the deviations of RAC-CI are always greater than

ECC and it is expected as the coupled cluster is a better correlated theory than the truncated CI

theory. It is interesting to note that the deviations in RAS-CI increase much faster rate compared

Sudip Sasmal 31 CSIR-NCL



Ph.D Thesis AcSIR

Figure 2.1: Comparison of relative deviations between ECC and RAS-CI values of our calcula-

tions.

to ECC as we go down the groups. This reflects the fact that truncated CI is not size extensive and

thus it does not scale properly with the increasing number of electrons. It should be noted that the

ratio of theoretically estimated HFS constant of different isotopes must be the ratio of their nuclear

g factor for point nuclear model. Different isotopes are treated by changing the nuclear magnetic

moment (µ) of the atom but nuclear parameters for each isotope are same which is by default of

the most stable isotopes in DIRAC10. This causes difference in δ% of different isotopes.

Table 2.5: Parallel (A‖) and perpendicular (A⊥) magnetic HFS constant of molecules in MHz

A‖ A⊥

Molecule Atom This work Experiment δ% This work Experiment δ%

SCF RAS-CI ECC [35] SCF RAS-CI ECC [35]

BeH 1H 84.2 177.2 204.1 201(1) [36] 1.5 65.8 158.7 185.6 190.8(3) [36] 2.8
9Be -182.7 -203.3 -200.6 -208(1) [36] 3.7 -169.4 -188.9 -186.0 -194.8(3) [36] 4.7

MgF 19F 168.0 255.4 320.9 331(3) [37] 3.1 99.8 139.4 153.3 143(3) [37] 6.7
25Mg -249.2 -272.4 -282.6 -239.4 -260.3 -270.4

CaH 1H 41.1 74.6 146.4 138(1) [38] 5.7 37.5 70.9 141.9 134(1) [38] 5.6
43Ca -259.5 -307.9 -321.6 -242.7 -284.6 -295.7

In Table 2.5, we present the parallel and perpendicular HFS constant of ground state of BeH,
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MgF and CaH molecules obtained from RAS-CI and ECC theory. We have compared our ECC

results with the available experimental values and the deviations are reported as δ%. Our calculated

results within the ECC framework show good agreement with the experimental values. The highest

deviation for parallel HFS constant is in the case of 1H of CaH where the ECC value differs only ∼
8.5 MHz. This is also better than the RAS-CI values where the deviation is too off (∼ 63.5 MHz)

from the experimental values. However, A‖ value for 9Be in BeH and 19F in MgF, RAS-CI yields

marginally better results (∼ 10 MHz) as compared to ECC.

Table 2.6: Magnetic HFS constant of 1H of CaH molecule in RAS-CI method

Basis A‖ (MHz) A⊥ (MHz)

Ca H Spinor SCF Correlation Total Experiment SCF Correlation Total Experiment

dyall.v3z cc-pVTZ 192 38.9 35.3 74.2 35.3 35.4 70.7

dyall.cv3z aug-cc-pCV5Z 274 41.2 33.4 74.6 138(1) [35, 38] 37.5 33.4 70.9 134(1) [35, 38]

dyall.cv3z aug-cc-pCV5Z 318 41.2 34.0 75.2 37.5 34.1 71.6

Like the RAS-CI parallel HFS constant values of 1H of CaH, the perpendicular HFS constant

is very off from the experimental values. To investigate this, we have calculated the HFS of CaH

with more number of virtual orbitals in the same as well as with a different basis. The results

are presented in table 2.6. It is clear from the Table that for this system RAS-CI gives very bad

estimation of HFS constant. A possible explanation is as follows, according to Kutzelnigg’s error

analysis [39] the comparative error in CI energy can be written as [O(δ + O(S2))]2 where eS is the

wave operator of NCC method and δ is the error of the wave operator. Although the comparative

error analysis of CI by Kutzelnigg is with respect to NCC but we expect a similar expression will

be hold for ECC also. From Table 2.6, it is clear that the DHF (SCF) contribution to the energy

derivative is significantly less whereas the correlation contribution for ECC to the energy derivative

is very large as compared to SCF contribution which is evident from table 2.5. Therefore, the DHF

ground state is very poor reference for this system and for ECC, the wave operator must be large

enough. Thus, it associates considerably large error in the CI energy as the error in CI energy is

proportional to the quartic of wave operator of CC wave function.

It is interesting to see that both the parallel and perpendicular HFS of 1H decrease as we go

from BeH to CaH. This indicates that the spin density near 1H nucleus of CaH is less than that of
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BeH. This explains the ionicity of the bond in CaH is greater than the bond in BeH.

Table 2.7: Comparison of full CI and ECC

HFS values (in MHz) of 7Li

Basis Full CI ECC

aug-cc-pCVDZ 384.1 383.9

aug-cc-pCVTZ 402.0 401.5

aug-cc-pCVQZa 386.0 385.5
a Considering 3 electrons and 189 virtual or-

bitals

Table 2.8: Comparison of full CI and ECC

HFS values (in MHz) of 9Be+

Basis Full CI ECC

aug-cc-pCVDZ -586.6 -586.5

aug-cc-pCVTZ -615.7 -615.6

aug-cc-pCVQZa -613.0 -612.8
a Considering 3 electrons and 183 virtual or-

bitals

Table 2.9: Comparison of full CI and ECC HFS values (in MHz) of BeH

Basis Atom A‖ A⊥

Full CI ECC Full CI ECC

cc-pVDZ 9Be -158.7 -159.3 -145.9 -146.6
1H 189.9 187.6 174.5 172.2

aug-cc-pVDZ 9Be -165.5 -166.1 -152.6 -153.2
1H 188.7 186.2 172.1 169.7

We have done series of calculations to estimate uncertainty in our calculations by comparing

our ECC results with FCI results taking example of 7Li, 9Be and BeH. The comparison of full CI

and ECC HFS constant values of 7Li and 9Be+ is presented in table 2.7 and table 2.8 respectively.

The comparison of parallel and perpendicular component of full CI and ECC HFS constant values

of BeH is compiled in table 2.9. We believe that the uncertainty in our calculations with respect

to full CI results for the atomic systems are well within 5% and 10% for the molecular systems

considering all possible sources of error in our calculations.

2.5 Conclusion

We have successfully implemented the relativistic ECC method using 4-component Dirac spinors

to calculate first order energy derivatives of atoms and molecules in their open-shell ground state

configuration. We applied this method to calculate the magnetic HFS constant of Li, Na, K, Rb,

Cs, Be+, Mg+, Ca+ and Sr+ along with parallel and perpendicular magnetic HFS constant of BeH,
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MgF and CaH molecules. We also present RAS-CI results to show the effect of correlation in the

calculation of HFS constant. Our ECC results are in good agreement with the experiment. We

have found some anomalies in RAS-CI results of CaH and given a possible explanation.

Although the implemented ECC method yields relatively good results for the HFS constant of

light and moderately heavy atoms and small diatomic molecules, it is not good enough for our

purpose as the generated wavefunction is not that much accurate in the nuclear region what we

need for the calculation of various P, T -odd interaction constants. The worse part is that as the

amplitude equations for both excitation and deexcitation operators are coupled in the ECC method,

it takes too much time to solve the amplitude equations with our truncation scheme. So, it is very

difficult, if not impossible to calculate the P, T -odd interaction constants of the relevant systems

with a reasonable basis set using the ECC method with the truncation scheme stated above.
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CHAPTER 3

Implementation of the Z-vector Method in

the Relativistic Coupled-Cluster

Framework to Generate an Accurate

Wavefunction in the Near Nuclear as well as

Outer Region

The essence of science is that it is always willing to abandon a given idea for a better

one; the essence of theology is that it holds its truths to be eternal and immutable.

H.L. Mencken

As the ECC method, implemented in the previous chapter is not good enough to fulfill our purpose, in this

chapter, we opted for the implementation of Z-vector method in the relativistic coupled-cluster framework to generate

an accurate wavefunction in the nuclear region as well as outer region. The implemented method is applied to calculate

the molecular dipole moment and parallel component of the magnetic hyperfine-structure constant of the SrF molecule.

The results of our calculation are compared with the experimental and other available theoretically calculated values.

We are successful in achieving good accordance with the experimental results. We also compared the Z vector results

of the HFS constants of alkali metals and singly charged alkaline-earth-metals with the results using the ECC method

calculated in the previous chapter using the same basis and cutoff. The comparison shows that the Z-vector method

can yields more accurate results than the ECC method. Thus, these results show that the Z-vector method can yield an

accurate wave function in both the far and near nuclear region.
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3.1 Introduction

In the previous chapter, we have tried to solve the coupled cluster method in a variational way.

Although we were quite successful to implement the extended coupled cluster (ECC) method and

to calculate the magnetic hyperfine structure constant of atoms and molecules, the ECC method

is not good enough for our purpose. So, in this chapter, we have tried to solve the coupled clus-

ter method in a non-variational or in other word, a traditional way. The normal coupled cluster

(NCC) [1–5] method is known to be the most elegant many-body theory to effectuate the dynamic

part of the electron correlation. The calculations of one electron response properties in the NCC

framework, can either be done by taking expectation value of the desired property operator or as a

derivative of energy. These two approaches are not same as the NCC is by nature non-variational.

In fact, the first order derivative of energy is the corresponding expectation value plus some addi-

tional terms, which makes the derivative approach closer to the full configuration interaction (FCI)

property value. It is worth to mention that the expectation value approach in the NCC leads to a

nonterminating series and any truncation scheme introduces an additional error [6].

In general, the energy is a function of both the determinantal coefficients (CD) in the expansion

of the many electron correlated wavefunction and the molecular orbital coefficients (CM ) for a

fixed nuclear geometry [7]. The first order energy derivative in NCC can be written as

δE[CD(λ), CM(λ)]

δλ
=

δE

δCD

δCD

δλ
+

δE

δCM

δCM

δλ
.

Thus, for the calculation of energy derivative in NCC framework, it is, therefore, necessary to

calculate the derivative of energy with respect the determinantal coefficients as well as the molec-

ular orbital coefficients. It further requires the derivative of the determinantal coefficients and

molecular orbital coefficients with respect to the external field of perturbation. However, Bartlett

and co-workers [8] have shown that these derivative terms can be transformed into a single linear

equation by using Z-vector method. The advantage of the Z-vector method [9, 10] is that for the

calculation of several properties, one needs to solve a single linear equation instead of solving

equations for each external perturbation field of interest. The detailed diagrammatic of Z-vector

method in NCC framework is given in Ref. [10].
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we have shown that the Z-vector method in the NCC framework within its four component de-

scription can generate an accurate wavefunction in the near nuclear region as well as in the region

far from the nucleus. To justify our argument, we have compared magnetic hyperfine structure

constant (HFS) and molecular dipole moment of SrF with the experimental values as the calcula-

tion of these properties need an accurate wavefunction in the near nuclear region and the region far

from the nucleus, respectively.

3.2 Why SrF?

The knowledge of long range dipole-dipole interaction is very important to produce ultra cold

molecules in optical lattice [11]. SrF molecule can be cooled by laser spectroscopy [12] and thus,

it can be used for high precession spectroscopy [13, 14]. Currently an experimental search for

parity violation using SrF molecule is in progress [15]. Therefore, detailed knowledge of the

spectroscopic properties like dipole moment and magnetic HFS is very important to interpret the

experimental findings.

3.3 Z-vector method

The dynamic part of the electron correlation is included using the coupled cluster method. The

details about the single reference coupled-cluster method is discussed in Section 1.14

The coupled cluster energy is a function of both the determinantal coefficients (CD) and the

molecular orbital coefficients (CM ). Therefore, the calculation of coupled cluster energy derivative

need both the derivative of CDs and CMs with respect to external field of perturbation. However,

the equations involving derivative of CDs and CMs are linear equations. Thus, one needs to solve

the linear equations for each external field perturbation of interest. However, the derivative of

energy with respect to determinantal coefficients, CD, and the derivative of CD with respect to

external perturbation field can be included with the introduction of a perturbation independent

linear operator (Λ) whose solution yields the Z-vector [10]. Therefore, the solution of one linear

equation is required instead of solving for each external perturbation. The second quantized form
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of the perturbation independent operator, Λ is given by

Λ = Λ1 + Λ2 + ... + ΛN =
N
∑

n

Λn (3.1)

where

Λm =
1

(m!)2

∑

ij..ab..

λij..
ab..a

†
ia

†
j....abaa (3.2)

where i,j(a,b) are the hole(particle) indices and λij..
ab.. are the cluster amplitudes corresponding to the

cluster operator Λm. The detailed description of Λ operator and corresponding amplitude equation

is given in Ref. [10].

〈Φ0|[Λ(HNe
T )c]c|Φa..

i.. 〉+ 〈Φ0|(HNe
T )c|Φa..

i.. 〉+ 〈Φ0|(HNe
T )c|Φint〉〈Φint|Λ|Φa..

i.. 〉 = 0. (3.3)

where Φint is the determinant corresponding to the intermediate excitation between Φ0 and Φa..
i.. .

In the coupled cluster single and double (CCSD) model, Λ becomes, Λ = Λ1 + Λ2. The explicit

equations for the amplitudes of Λ1 and Λ2 operators are

〈Φ0|[Λ(HNe
T )c]c|Φa

i 〉+ 〈Φ0|(HNe
T )c|Φa

i 〉 = 0, (3.4)

〈Φ0|[Λ(HNe
T )c]c|Φab

ij 〉+ 〈Φ0|(HNe
T )c|Φab

ij 〉+ 〈Φ0|(HNe
T )c|Φa

i 〉〈Φa
i |Λ|Φab

ij 〉 = 0. (3.5)

It is interesting to note that the term 〈Φ0|(HNe
T )c|Φa

i 〉〈Φa
i |Λ|Φab

ij 〉 of Eq. (3.5) yields one discon-

nected diagram, which is given in Figure 3.1. The said diagram is not of the type of closed with

disconnected part. This ensures that the energy derivative is linked and thus size extensive. The

energy derivative can be given as

∆E ′ = 〈Φ0|(ONe
T )c|Φ0〉+ 〈Φ0|[Λ(ONe

T )c]c|Φ0〉 (3.6)

where, ON is the derivative of normal ordered perturbed Hamiltonian with respect to external field

of perturbation. The detailed diagrammatic expression is given in Figure 3.2 and the corresponding

algebraic equation is given in the following Eq. 3.7,

∆E ′ = O(i, a) · tai + λi
a · O(a, i) + λi

a · O(a, b) · tbi + λi
a ·O(j, i) · taj + λi

a · O(j, b) · tabij
−λi

a · O(j, b) · tbi · taj −
1

2
λij
ab ·O(k, j) · tabik +

1

2
λij
ab · O(b, c) · tacij

−1

2
λik
bc · O(j, a) · tai · tbcjk −

1

2
λjk
ac · O(i, b) · tai · tbcjk. (3.7)
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f̄
λ1

×

Figure 3.1: Disconnected yet linked diagram in Λ2 equation.

OT1

Λ2OT2Λ1OT1T1

Λ2OT1T2

Λ1OT1 Λ1OT2Λ1O

Figure 3.2: Diagrams for the energy derivative in Z-vector method

Here, we have used Einstein summation convention in the expression. The rules to generate alge-

braic expression are given in Ref. [16].

3.4 Computational details

The N electron ground and excited determinants are constructed with the one electron spinors,

which are the solutions of Dirac-Hartree-Fock equation. The DIRAC10 [17] program package

is used to solve the Dirac-Fock equation and to obtain the matrix elements required for property
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calculations. Gaussian charge distribution is considered as the nuclear model where the nuclear

parameters [18] are taken as default values in DIRAC10. Large and small component basis func-

tions are generated by applying restricted kinetic balance (RKB) [19] in which basis functions are

represented in scalar basis and unphysical solutions are removed by diagonalizing the free parti-

cle Hamiltonian. This generates the electronic and positronic solution in 1:1 manner. We have

done five different sets of calculation using five different basis sets for Sr and F. These are cc-

pVDZ, aug-cc-pVTZ, aug-cc-pCVTZ, d-aug-cc-pCVTZ and aug-cc-pCVQZ for F atom [20] and

dyall.v2z, dyall.v3z, dyall.cv3z, d-aug-dyall.cv3z and dyall.cv4z for Sr atom [21]. Both large and

small component basis are taken in uncontracted form. None of the electrons are frozen in our

correlation calculation and the virtual orbitals whose energies are greater than a certain threshold

are not considered as the high energy virtual orbitals contribute less in correlation calculation.

We have taken the following strategies to code the Z-vector method. First, the one electron

and two electron matrix elements are obtained from DIRAC10 package [17]. Then we have solved

the NCC part i.e., the T1 and T2 amplitude equations. This is followed by the construction of

different types of H̄ (H̄ = (HeT )c). After that H̄ vertices are contracted with one Λ1 or Λ2

vertex to construct the Λ1 and Λ2 amplitude equations. At the end T1, T2, Λ1 and Λ2 amplitudes

are contracted with property integrals to get corresponding property value. To solve the T1 and T2

amplitudes and to construct the H̄, we have used a recursive intermediate factorization of diagrams

as described by Bartlett and coworkers [22]. This saves enormous computational cost.

Table 3.1: Cutoff used and correlation energy of the ground state of SrF in different basis sets

Basis Cutoff Spinor Correlation Energy

Name Sr F (a.u.) CCSD (a.u.)

A dyall.v2z cc-pVDZ 298 -1.474175309

B dyall.v3z aug-cc-pVTZ 500 366 -1.256789931

C dyall.cv3z aug-cc-pCVTZ 500 436 -1.775710294

D d-aug-dyall.cv3z d-aug-cc-pCVTZ 100 596 -1.621603448

E dyall.cv4z aug-cc-pCVQZ 50 520 -1.402836367

To debug this code, we benchmarked our correlation energy with the results obtained from
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DIRAC10 with same basis, same convergence criteria and using same direct inversion in the iter-

ative subspace (DIIS). We have achieved 7 to 8 decimal place agreement with DIRAC10 program

package for correlation energy independent of the choice of molecules as well as of the basis sets.

The discrepancy beyond this limit could be due to the use of cutoff in storing of the intermediate

diagrams or the use of different convergence algorithm. The H and H̄ matrix elements are stored

by setting a cutoff of 10−12 to save storage requirement as the contribution of the two body matrix

elements beyond that limit is negligible. The tolerance used for the convergence of both T and Λ

amplitudes is 10−9. We have used the experimental bond length (2.075 Å) of SrF [23] in all the

calculations.

3.5 Results and discussion

3.5.1 Molecular dipole moment and magnetic hyperfine structure constant

of SrF

In Table 3.1, we present the basis sets used in our calculations and each combination is denoted

by an English alphabet letter. The fourth and fifth column of Table 3.1 represent the cutoff used

and the number of spinor generated using that cutoff for correlation calculation, respectively. We

also compiled the correlation energy of SrF obtained from CCSD and second-order many body

perturbation theory (MBPT(2)), which uses a first-order perturbed wavefunction.

Table 3.2: Molecular dipole moment (µ) (in Debye) of the ground state of SrF

Basis Z-vector Experiment [24]

A 3.0158

B 3.3898

C 3.4023 3.4676(10)

D 3.4376

E 3.4504

In Table 3.2, we present the molecular dipole moment in units of Debye of the ground state

of SrF molecule in five different basis sets. The experimental value [24] is also presented in
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the same table for comparison. It is clear from the table that with increase in the number of

basis function the dipole moment converges towards the experimental value. This is expected as

more basis functions generate more correlation space and thereby improve the dipole moment. In

particular, our calculated dipole moment in basis E is very close (∼ 0.5 %) to the experimental

value. The results obtained for the dipole moment of the ground state of SrF by other methods and

Table 3.3: Comparison of molecular dipole moment (µ) of the ground state of SrF in different

methods

Method Reference µ (D)

Ionic model Torring et al. [25] 3.67

SCF Langhoff et al. [26] 2.579

CPF Langhoff et al. [26] 3.199

CISD Langhoff et al. [26] 2.523

EPM Mestdagh et al. [27] 3.6

HF (finite difference) Kobus et al. [28] 2.5759

CCSD Prasannaa et al. [29] 3.41

Z-vector This work(E) 3.4504

Expt. Ernst et al. [24] 3.4676(10)

experiment are compiled in Table 3.3. The dipole moment of SrF was first calculated by Torring

et al, [25] by using an ionic model and they got a value of 3.67 D. Langhoff et al, [26] performed

the first ab initio calculation of the dipole moment of SrF by using Slater type of basis function.

They reported the dipole moment using three different methods, i.e., self consistent field (SCF),

configuration interaction in single and double approximation (CISD) and the coupled pair function

(CPF) method. Among them, CISD method is not size extensive while CPF is, thus CPF approach

gives better agreement with experiment. However, Langhoff et al, did not consider the relativistic

motion of electrons. Mestdagh et al, [27] used electrostatic polarization model and got 3.6 D as a

molecular dipole moment of SrF. Kobus et al, [28] obtained a dipole moment of 2.5759 D by using

finite difference method in the Hartree-Fock (HF) level. The first relativistic calculation of dipole

moment of SrF in the CCSD model was calculated by Prasannaa et al, [29] by taking expectation

value of the corresponding operator. The expectation value framework leads to a connected yet

nonterminating series. Prasannaa et al, took only the linear terms in the property calculations

using CCSD wavefunction and got 3.41 D as a result. Our four component Z-vector calculation
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gives a result of 3.4504 D by using dyall.cv4z basis for Sr [21] and aug-cc-pCVQZ basis for F [20]

(basis E) and this result shows the best agreement with the experiment so far.

Table 3.4: Parallel (A‖) magnetic hyperfine structure constant of the ground state of SrF in MHz

87Sr 19F

Basis Z-vector Experiment Z-vector Experiment

A 546.08 121.93

B 558.96 118.70

C 566.62 591(3) [30] 119.64 126(3) [30]

D 561.25 576.27(2) [31] 116.35 127.49(2) [31]

E 559.65 117.74

In Table 3.4, we present the parallel component of the magnetic HFS constant of 87Sr and 19F

of the ground state of SrF molecule. We also present the experimental value [30, 31] of those in

the same table for comparison.

Our calculated result using Z-vector method show good agreement with the experimental result.

The highest and lowest deviation from the latest experimental values [31] for parallel magnetic

HFS constant of 87Sr atom are for the basis A (∼ 30 MHz) and C (∼ 10 MHz) respectively. For the

parallel magnetic HFS constant of 19F, the maximum and minimum deviation occur for the basis

D (∼ 11 MHz) and A (∼ 6 MHz) basis.

The calculated magnetic HFS constant values are in good agreement with the sophisticated

experiment but the extent of accuracy is not so in comparison to that of the calculated dipole

moment values. This could possibly be due to the fact that as we proceed from basis A to E, we

have added extra Gaussian type orbitals (GTOs) of higher angular momentum in addition to lower

angular momentum. As the higher angular momentum GTO shifts the electron density towards

the outer region, the addition of higher angular momentum GTO improves the outer region much

better than the inner region of the molecular wavefunction. This is why as we go from basis A to

E, our molecular dipole moment value matches more closely than the magnetic HFS values with

the experimental results.
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3.5.2 Magnetic hyperfine structure constant of atoms

Although the Z-vector results of molecular dipole moment of SrF are quite impressive, the parallel

component of the magnetic HFS constants of SrF are not quite good as compared to molecular

dipole moment. So, the wavefunction produced by the Z-vector method is more accurate in the

outer region than the nuclear region of SrF. To check whether the Z-vector method can produce

more impressive wavefunction in the nuclear region or not and how good is the near nuclear wave-

function of Z-vector compared to the extended coupled cluster (ECC) method, we have calculated

and compared the magnetic HFS constant of alkali metals and mono-positive alkaline earth met-

als. We have used the same basis and cutoff for the atoms as used in the ECC calculation of the

previous chapter (for more details see Section 2.3 of Chapter 2).

Table 3.5: Hyperfine coupling constant (in MHz) of ground state of atoms

Atom SCF ECC [32] Z-vector Expt. δ%

ECC Z-vector
6Li 107.2 149.3 148.3 152.1 [33] 1.9 2.6
7Li 283.2 394.3 391.6 401.7 [33] 1.9 2.6
23Na 630.6 861.8 859.8 885.8 [33] 2.8 3.0
39K 151.0 223.5 226.6 230.8 [33] 3.3 1.9
40K -187.7 -277.9 -281.8 -285.7 [34] 2.8 1.4
41K 82.9 122.7 124.4 127.0 [33] 3.5 2.1
85Rb 666.9 972.5 986.5 1011.9 [35] 4.1 2.6
87Rb 2260.1 3295.7 3343.3 3417.3 [36] 3.7 2.2
133Cs 1495.5 2179.1 2218.4 2298.1 [37] 5.5 3.6
223Fr 5518.0 7512.2 7654(2) [38] 1.9
9Be+ -498.8 -614.6 -612.9 -625.0 [39] 1.7 2.0
25Mg+ -466.7 -581.6 -584.8 -596.2 [40] 2.5 1.9
43Ca+ -606.2 -794.9 -801.5 -806.4 [41] 1.4 0.6
87Sr+ -761.0 -969.9 -977.9 -1000.5(1.0) [42] 3.2 2.3
135Ba+ 2737.4 3513.3 3591.7 [43] 2.2
137Ba+ 3062.1 3930.2 4018.9 [43] 2.3
223Ra+ 2842.8 3433.9 3404(2) [44, 45] 0.9

In Table 3.5, we present the magnetic HFS constant of alkali metal atoms singly charged al-

kaline earth metal atoms using Z-vector method. We also present the experimental results and the
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Figure 3.3: Comparison of relative deviations between Z-vector and ECC values of magnetic HFS

constant of atoms.

values calculated using ECC method [32]. The deviation of the Z-vector values from the experi-

mental values are presented as δ% in the same table. From the table, it is clear that the deviation

of Z-vector results from the experiments are well within 3% except for the 133Cs atom, where it is

3.6%. The Z-vector results are quite impressive, especially for the heavy atoms. The deviations

of ECC and Z-vector values from the experimental values are presented in Figure 3.3. From the

figure, it is clear that Z-vector results are far better than the ECC results except for three small

atoms like Li, Na and Be+. So, the above results show that the Z-vector method can produce far

better wavefunction in the nuclear region than the ECC method and it is quite impressive for the

heavy atoms also.

3.6 Conclusion

We have successfully implemented the Z-vector method in the relativistic coupled cluster frame-

work to calculate the first order energy derivatives. We applied this method to calculate the molec-

ular dipole moment and parallel magnetic HFS constant of SrF molecule. We have also calculated

the magnetic HFS constant of alkali metal atoms and mono-positive alkaline earth metal atoms.
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The results from our calculations are in good agreement with the experimental values. As the mag-

netic HFS constant and the molecular dipole moment demand the wavefunction to be accurate in

the near nuclear region and the region away from nucleus, respectively, we can conclude that the

Z-vector method in the relativistic framework can produce an accurate wavefunction in the near

nuclear region as well as far from the nucleus. In the Z-vector method, the equation of the cluster

amplitudes of excitation operators are decoupled from the deexcitation operators and thus, those

equation converges much faster than the ECC method. This makes the Z-vector method more

feasible than the ECC method from a computational point of view.
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sen, T. Fleig, A. S. P. Gomes, J. Henriksson, M. Iliaš, Ch. R. Jacob, S. Knecht, H. S. Nataraj, P. Norman,

J. Olsen, M. Pernpointner, K. Ruud, B. Schimmelpfennig, J. Sikkema, A. Thorvaldsen, J. Thyssen, S. Villaume,

and S. Yamamoto (see http://www.diracprogram.org).

[18] L. Visscher and K. Dyall, Atomic Data and Nuclear Data Tables 67, 207 (1997).

[19] K. Faegri Jr and K. G. Dyall, Introduction to relativistic quantum chemistry (Oxford University Press, USA,

2007).

[20] T. H. Dunning, Journal of Chemical Physics 90, 1007 (1989).

[21] K. G. Dyall, The Journal of Physical Chemistry A 113, 12638 (2009).

[22] S. A. Kucharski and R. J. Bartlett, Theoretica chimica acta 80, 387 (1991).

[23] K. Huber and G. Herzberg, Constants of Diatomic Molecules, Vol. 4, Molecular Spectra and Molecular Structure

(Van Nostrand Reinhold, New York, 1979).
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CHAPTER 4

P , T -odd Interaction Constants of RaF

Knowledge isn’t life changing. The

application of knowledge is.

Todd Stocker

As we have found a suitable method namely, the Z-vector method, which can generate accurate wavefunction

in the nuclear region of the heavy nucleus, in this chapter, we have applied the method to calculate the P , T -odd

interaction constants of one of the relevant molecule, RaF. So, we have employed both the Z-vector method and

the expectation-value approach in the relativistic coupled-cluster framework to calculate the effective electric field

(Eeff) experienced by the unpaired electron and the scalar-pseudoscalar (S-PS) P , T -odd interaction constant (Ws) in

the ground electronic state of RaF. As the experimental magnetic HFS constants of RaF are not available, we have

calculated the magnetic HFS constants of 223Ra+ and compared with the experimental values. The outcome shows

that the Z-vector method is superior to the expectation-value approach. The Z-vector calculation shows that RaF has a

high Eeff (52.5 GV/cm) and Ws (141.2 kHz). This makes it a potential candidate for the eEDM experiment.

51



Ph.D Thesis AcSIR

4.1 Introduction

The ongoing accelerator based experiments in the search for new physics can solve some of the

unanswered problems of the fundamental physics like matter-antimatter asymmetry. A comple-

mentary to these high energy experiments is the search for violation in spatial inversion (P) and

time reversal (T ) symmetries in nuclei, atoms or molecules in the low energy domain using non-

accelerator experiments [1–7]. One of such P, T -violating interaction results into the electric

dipole moment of electron (eEDM) [8–11]. The eEDM predicted by the standard model (SM) of

elementary particle physics is too small (< 10−38 e cm) [12] to be observed by the today’s ex-

periment. However, many extensions of the SM predict the value of eEDM to be in the range of

10−26 − 10−29 e cm [13] and the sensitivity of the modern eEDM experiment also lies in the same

range. Till date, the experiment done by ACME collaboration [11] using ThO yields the best upper

bound limit of eEDM. The high sensitivity of modern eEDM experiment is mainly due to the fact

that heavy paramagnetic diatomic molecules offer a very high internal effective electric field (Eeff),

which enhances the eEDM effects [14, 15]. So, it is very important to search for new paramag-

netic diatomic molecules which offers high enhancement of eEDM effects. In the experiment, both

eEDM and the coupling interaction between the scalar-hadronic current and the pseudoscalar elec-

tronic current contribute to the P, T -odd frequency shift. Therefore, it is impossible to decouple

the individual contribution from these two effects in a single experiment. However, it is possible to

untwine these two contributions from each other and an independent limit on the value of eEDM

(de) and scalar-pseudoscalar (S-PS) coupling constant (ks) can be obtained by using data from two

different experiments as suggested by Dzuba et al [16]. It is, therefore, an accurate value of the

Eeff and the scalar-pseudoscalar (S-PS) P, T -odd interaction constant (Ws) are needed since these

two quantities cannot be measured by means of any experiment. Therefore, one has to rely on an

accurate ab initio theory that can simultaneously take care of the effects of relativity and electron

correlation for the calculation of these quantities.

The best way to include the effects of special relativity in the electronic structure calcula-

tions is to solve the Dirac-Hartree-Fock (DHF) equation in the four-component framework. The

DHF method considers an average electron-electron interaction and thus misses the correlation be-

tween electrons having same spin. On the other hand, the single reference coupled-cluster (SRCC)
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method is the most preferred many-body theory to incorporate the dynamic part of the electron

correlation. The calculation of property in the SRCC framework can be done either numerically

or analytically. In numerical method (also known as the finite-field (FF) method), the coupled-

cluster amplitudes are functions of the external field parameters [17] and thus, for the calculations

of each of the property, separate set of CC calculation is needed. The error associated with the FF

method is also dependent on the method of calculation, i.e., the number of data points considered

for the numerical differentiation. On the contrary, in the analytical method, the CC amplitudes

are independent of the external field of perturbation and therefore, one needs to solve only one

set of CC equation for the calculations of any number of properties. Normal CC (NCC) method

being non-variational, does not satisfy the generalized Hellmann-Feynman (GHF) theorem and

thus, the expectation value and the energy derivative approach are two different formalisms for

the calculation of first order property. However, the energy derivative in NCC framework is the

corresponding expectation value plus some additional terms which make it closer to the property

value obtained in the full configuration interaction (FCI) method. Thus, the property value ob-

tained in the energy derivative method is much more reliable than the corresponding expectation

value method. Another disadvantage of the expectation value method is that it leads to a non-

terminating series and any truncation further introduces an additional error. The Z-vector method

[18, 19] (an energy derivative method), on the other hand, leads to a naturally terminating series

at any level of approximation. The higher order derivative in the NCC framework can be calcu-

lated by using the Lagrange multiplier method [20] and for the first order energy derivative, it

leads to the identical equations as of Z-vector method. It is worth to note that there are alterna-

tive options like expectation value CC (XCC) [21, 22], unitary CC (UCC) [23, 24], and extended

CC (ECC) [25–27] to solve the SRCC equation. All these methods are known in the literature as

the variational coupled-cluster (VCC) method [28]. These VCC methods are well established in

the non-relativistic framework but are not that much popular in the relativistic domain, a few are

documented in the literature like relativistic UCC by Sur et al. [29, 30], applicable only for the

purpose of atomic calculations. Recently, we implemented ECC in the four-component relativistic

domain to calculate the magnetic hyperfine structure (HFS) constants of both atoms and molecules

in their open-shell ground state configuration [31]. The ECC method being variational satisfies the
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GHF theorem, therefore, expectation value and the energy derivative approach are identical to each

other. However, in ECC method amplitude equations for the excitation and de-excitation operators

are coupled to each other, whereas, in Z-vector method, the amplitude equations of excitation op-

erator are decoupled from the amplitude equations of the de-excitation operator. This accelerates

the convergence in the Z-vector method with a lesser computational cost as compared to the ECC.

In the previous chapter we have shown that the Z-vector method in the relativistic CC frame-

work [32] is computationally feasible and yields accurate wavefunction in the nuclear region of

heavy nucleus. So, in this chapter, we have calculated the Eeff and Ws of RaF in its ground elec-

tronic (2Σ) state using Z-vector method in the CC framework. We also calculated these properties

in the expectation value method to show the superiority of the Z-vector method over the expectation

value method.

4.2 Importance of RaF as a candidate for eEDM experiment

We have chosen the RaF molecule for the following reasons: This molecule has been proposed

for the P-odd and P, T -odd experiment [33–35] due to its high Schiff moment, Eeff and Ws. The

Eeff of 2Σ state of RaF is even higher than the ground state (2Σ) of YbF. Therefore, the more pre-

cise value of Eeff and Ws and their ratio are very important for the eEDM experiment using this

molecule. RaF can be directly laser cooled as it has high diagonal Franck-Condon matrix element

between the ground and first excited electronic state and the corresponding transition frequency

lies in the visible region with a reasonable lifetime [33]. However, the experiment with radioac-

tive molecules like RaF demands special facility. The TRIµP facility at the Kernfysisch Versneller

Instituut (KVI) of the University of Groningen was approved in 2007 to test the fundamental sym-

metries of physics by doing precision experiments these radioactive isotopes [36].
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4.3 Expectation value method in the coupled cluster frame-

work

In this chapter, we have calculated the Eeff and Ws of RaF using both the Z-vector and the expecta-

tion value method. The details of the Z-vector method in the relativistic CC framework is given in

the Section 3.3 of Chapter 3. Computationally, expectation value method in the CC framework is

a two step process. The first step is the calculation of the NCC cluster amplitudes, which is given

in Section 1.14 of Chapter 1. Next step is the calculation of the property of interest by using the

NCC cluster amplitudes. The expectation value of any property operator, 〈ON〉, can be calculated

by the following expression [37, 38],

〈ON〉 =
〈Ψcc|ON |Ψcc〉
〈Ψcc|Ψcc〉

=
〈Φ0e

T † |ON |eTΦ0〉
〈Φ0|eT †eT |Φ0〉

= 〈Φ0|(eT
†

ONe
T )c|Φ0〉. (4.1)

The above series is a non-terminating series. Since, the dominant contribution comes from the

linear terms, therefore, linear approximation is the most favored choice. The detailed diagrammatic

T †
1OT2 T †

2OT2

OT1 T †
1O T †

2OT1T †
1OT1

Figure 4.1: Diagrams for expectation value approach using linear truncation scheme

expression considering only linear terms within the CCSD approximation is given in Figure 4.1 and

the corresponding algebraic equation is given as in Eq. 4.2.

〈O〉 = O(i, a) · tai + tia · O(a, i) + tia ·O(a, b) · tbi − tia · O(j, i) · taj + tijab · O(b, j) · tai
+ tia · O(j, b) · tabij −

1

2
tijab · O(k, j) · tabik +

1

2
tijab ·O(b, c) · tacij . (4.2)
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We have used Einstein summation convention, i.e., the repeated indices are summed over in the

expression. The t amplitudes with particle(hole) indices at the subscript(superscript) are the corre-

sponding amplitudes of the T † operator. It is interesting to note that there is no possible diagrams

(as well as algebraic expression) of the kind T †
2O or OT2, since closed connected diagrams can not

be constructed by these two expressions.

4.4 Computational details

The locally modified version of DIRAC10 [39] program package is used to solve the DHF equation

and to construct the one-body, two-body matrix elements and the one electron property integrals of

interest. Finite size of nucleus with Gaussian charge distribution is considered as the nuclear model

where the nuclear parameters [40] are taken as default values of DIRAC10. Small component

basis functions are generated from the large component by applying restricted kinetic balance

(RKB) [41] condition. The basis functions are represented in scalar basis and unphysical solutions

are removed by means of the diagonalization of free particle Hamiltonian. This generates the

electronic and positronic solution in 1:1 manner. In our calculations, we have used the following

uncontracted basis sets: triple zeta (TZ) basis: dyall.cv3z [42] for Ra and cc-pCVTZ [43] for F;

quadruple zeta (QZ) basis: dyall.cv4z [42] basis for Ra and cc-pCVQZ [43] basis for F. In TZ

basis, three calculations are done for the magnetic HFS constant of Ra+ by using 51, 69 and 87

number of correlated electrons and these are denoted by A, B and C, respectively. In QZ basis,

three more calculations are done by using 51, 69 and 87 number of correlated electrons and these

are denoted by D, E and F, respectively. The properties of RaF are calculated using two different

basis. In TZ basis, three calculations are done by using 61, 79 and 97 correlated electrons and

those are denoted by G, H and I, respectively and similarly in QZ basis, the calculations using 61,

79 and 97 correlated electrons are denoted by J, K and L, respectively. The bond length of RaF is

taken as 4.23a0 (2.24 Å) [35] in all our calculation.
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4.5 Results and discussion

The aim of the present study is to exploit RaF molecule for the eEDM experiment and to provide

more accurate value of the P,T-odd interaction constants of RaF. Since, there are no experimental

analogue of the P,T-odd interaction constants like Eeff and Ws, the accuracy of these theoretically

obtained quantities can be assessed by comparing the theoretically obtained HFS values with the

corresponding experimental values. Unfortunately, the experimental HFS results of Ra in RaF are

not available. Therefore, we compare the experimental HFS value of 223Ra+ [44, 45] with the

value obtained by theory using the same basis of Ra as used for the calculation of RaF.

Table 4.1: Cutoff used and correlation energy of the ground state of Ra+ and RaF in different basis

sets
Basis Cutoff (a.u.) Spinor Correlation Energy (a.u.)

Name Nature Ra F Occupied Virtual Occupied Virtual MBPT(2) CCSD

Ra+

A TZ dyall.cv3z -30 500 51 323 -1.74841495 -1.57235409

B TZ dyall.cv3z -130 500 69 323 -2.42790147 -2.20700361

C TZ dyall.cv3z 500 87 323 -2.78897499 -2.55468917

D QZ dyall.cv4z -30 20 51 349 -1.43221422 -1.31515023

E QZ dyall.cv4z -130 20 69 349 -1.49747209 -1.37242346

F QZ dyall.cv4z 20 87 349 -1.50382815 -1.37827038

RaF

G TZ dyall.cv3z cc-pCVTZ -30 500 61 415 -2.09671991 -1.91684123

H TZ dyall.cv3z cc-pCVTZ -130 500 79 415 -2.77624243 -2.55153111

I TZ dyall.cv3z cc-pCVTZ 500 97 415 -3.13733209 -2.89923481

J QZ dyall.cv4z cc-pCVQZ -30 20 61 449 -1.76368821 -1.63988444

K QZ dyall.cv4z cc-pCVQZ -130 20 79 449 -1.82908547 -1.69728677

L QZ dyall.cv4z cc-pCVQZ 20 97 449 -1.83544557 -1.70314714

In Table 4.1, we present the information regarding the employed basis-sets, cutoff used for

occupied and virtual orbitals and the the number of active spinor for the correlation calculation. We

also compiled the correlation energy obtained from second-order many-body perturbation theory

(MBPT(2)) and CCSD method in the same table.

In Table 4.2, we present the ground state (2S) magnetic HFS constant value of 223Ra+ using

both expectation value and Z-vector method. Our results are compared with the available exper-

imental value [44, 45]. The deviations of Z-vector and expectation values from the experiment

are presented in Figure 4.2. It is clear that the deviations of expectation value method are always

greater than those of Z-vector method. This is expected because Z-vector is a better method than
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Table 4.2: Magnetic hyperfine coupling constant (in MHz) of 223Ra+

Basis Expectation Z-vector Expt. [44, 45]

A 3458 3418

B 3504 3464

C 3547 3506 3404(2)

D 3434 3394

E 3448 3409

F 3453 3414

Figure 4.2: Comparison of relative deviations between expectation value and Z-vector results of

the magnetic HFS constant of 223Ra+

the expectation value method for the ground state property; in fact, the Z-vector value is the cor-

responding expectation value plus some additional terms which make it closer to the FCI property

value. It is interesting to note that when we go from TZ to QZ basis with same number of cor-

related electrons (i.e., from A to D, B to E, and C to F), the relative deviation of both Z-vector

and expectation value decreases. This is because QZ, in comparison to TZ, further improves the

configuration space by adding one higher angular momentum basis function. It is also interesting

to see that in TZ basis, if we go from A to B and B to C, the addition of 18 electrons (4s+3d+4p

and 1s-3p) changes the Z-vector HFS constant by 46 MHz and 42 MHz. Similarly in QZ basis,

as we go from D to E and E to F, the addition of 18 electrons changes the Z-vector HFS constant
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by 15 MHz and 5 MHz. From this observation, we can comment that the core polarization plays a

definite role in the correlation contribution of HFS constant and the effect is severe for lower basis

sets. Further, the enlargement of basis set and addition of core electrons have opposite effects in

the calculated HFS value of Ra+. However, The magnetic HFS constant obtained in all electron

Z-vector calculation using QZ basis (basis F) is very close to the experimental value (δ% = 0.29).

The properties like Eeff, Ws and magnetic HFS constants are strongly dependent on the elec-

tronic configuration of the given (heavy) atom and are also known as “atom in compound (AIC)”

properties [46]. The accuracy of the theoretically calculated AIC properties depends on the ac-

curate evaluation of the electron density near the atomic core region. From the accuracy of our

calculated HFS constant of Ra+ (δ% = 0.29), we can comment that the all electron Z-vector cal-

culation produces an accurate wavefunction in the vicinity of Ra nucleus and we also expect the

same kind of accuracy for RaF molecule.

Table 4.3: Molecular dipole moment (µ) and magnetic HFS constants of 223Ra in RaF

Basis µ (D) A⊥ (MHz) A‖ (MHz)

Expect. Z-vector Expect. Z-vector Expect. Z-vector

G 3.7059 3.7220 2031 1987 2123 2078

H 3.7028 3.7207 2059 2014 2152 2107

I 3.7017 3.7201 2084 2038 2178 2132

J 3.8404 3.8474 2029 1982 2119 2072

K 3.8375 3.8459 2037 1991 2128 2082

L 3.8374 3.8459 2040 1993 2131 2085

We have calculated the molecular-frame dipole moment (µ) of RaF, perpendicular (A⊥) and

parallel (A‖) magnetic HFS constants of 223Ra in RaF using both expectation value and Z-vector

method. The results are compiled in Table 4.3. From this table, it is clear that inclusion of more

core electrons decreases the value of µ but increases the value of magnetic HFS constants of 223Ra

in RaF. On the other hand, if we go from TZ to QZ basis, the µ value is increased but the magnetic

HFS values are decreased. This observation shows that the increase of correlation space either by

the addition of core electrons or higher angular momentum wavefunctions have opposite effect on

the near nuclear and outer region part of the molecular wavefunction of RaF. We can also comment

that the enlargement of basis set and core electrons have opposite effects in the properties of RaF.
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Table 4.4: P,T-odd interaction constants and their ratio of RaF

Basis Ws (kHz) Eeff (GV/cm) R (1018/e cm)

Expect. Z-vector Expect. Z-vector Expect. Z-vector

G 144.7 143.6 53.9 53.5 90.1 90.1

H 147.4 146.3 54.9 54.5 90.1 90.1

I 149.3 148.1 55.6 55.1 90.0 90.0

J 141.2 140.4 52.6 52.3 90.1 90.1

K 141.9 141.1 52.8 52.5 90.0 90.0

L 142.0 141.2 52.8 52.5 89.9 89.9

In Table 4.4, we present the two P,T-odd interaction constant, namely Eeff and Ws. The Eeff

value of RaF in QZ basis using all electron Z-vector calculation (basis L) is 52.5 GV/cm. This Eeff

value of RaF is even higher than the Eeff value of YbF in its ground state [47–52]. The Ws value of

RaF using Z-vector method in the same basis (QZ, all electron) is 141.2 kHz. This high value of

Ws suggests that the S-PS interaction will also be responsible for significant change in the P,T-odd

frequency shift in the eEDM experiment. These results reveal the possibility of using RaF in future

eEDM experiment. The ratio (R) of Eeff to Ws is also calculated as this is a very important quantity

to obtain the independent limit of de and ks by using two independent experiments. Our calculated

value of R using all electron Z-vector method in QZ (L) basis is 89.9 in units of 1018/e cm. Using

this ratio, the relation of independent de and ks with experimentally determined dexpt
e becomes (for

more details see Section 1.8 of Chapter 1 and Ref. [53])

de + 5.56× 10−21ks = dexpte |
ks=0

, (4.3)

where, dexpte |
ks=0

is the eEDM limit derived from the experimentally measured P,T-odd frequency

shift at the limit ks = 0.

The possible sources of error in our calculations are mainly from four sources: (i) higher order

relativistic effects (especially Breit/Gaunt interaction) and non-adiabatic effects, (ii) incomplete-

ness of basis set, (iii) higher order correlation effects, and (iv) cutoff used for the virtual orbitals.

Now, the AIC properties described here are mainly dependent on the electron density of the va-

lence electron in the nuclear region and thus these types of properties are not very sensitive to the

retardation and magnetic effects described by the Breit interaction [54, 55]. The error associated
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with the non-adiabatic effects is also insignificant as the properties of a heavy diatomic molecule

are calculated here. The error associated with incompleteness of basis sets can be accessed by

comparing our TZ and QZ results. The difference of all electron correlation results of Eeff and Ws

in TZ and QZ basis is about 5%. The proper way to estimate the error associated with missing

correlation is to compare our results with the FCI or CCSD with partial triples (CCSD(T)) values.

However, these types of calculations are very much expensive and beyond the scope of our present

study. From our experience, we can comment that the error associated with the missing higher

order correlation effects is about 3.5%. Therefore, considering all other sources of error it can be

assumed that the overall uncertainty in our final results is less than 10%.

Table 4.5: Comparison of magnetic HFS constant (223Ra), Ws and Eeff of RaF

Method A⊥ A‖ Ws Eeff

(MHz) (MHz) kHz (GV/cm)

ZORA-GHF [34] 1860 1900 150 45.5

SODCI [35] 1720 1790 131 49.6

FS-RCC [35] 2020 2110 139 52.9

This work (QZ basis, all electron)

Expect. 2040 2131 142.0 52.8

Z-vector 1993 2085 141.2 52.5

We have compared our calculated results with other theoretically obtained values in table 4.5.

The first ab initio calculation of Ws of RaF was performed by Isaev et al. [34]. They employed two-

component zeroth-order regular approximation (ZORA) generalized Hartree-Fock (GHF) method

and obtained the value of Ws as 150 kHz. They also obtained the value of Eeff as 45.5 GV/cm

by using ZORA-GHF value of Ws and the approximate ratio between Eeff and Ws. Kudashov

et al. [35] employed two different methods to incorporate relativistic and electron correlation

effects: (i) spin-orbit direct configuration interaction (SODCI) method and (ii) relativistic two-

component Fock-space coupled cluster approach (FS-RCC) within single- and double- excitation

approximation. However, it is worth to remember that truncated CI is not size extensive and thus

cannot treat electron correlation properly, specially, for the heavy electronic system like RaF where

the number of electron is so large. In their FS-RCC method, Kudashov et al. [35] calculated the

properties of RaF using the finite field method, which is a numerical technique. They corrected
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the error associated with their calculation considering higher order correlation effect and basis set

with the addition of partial triple in the CCSD model (CCSD(T)) and using enlarged basis set,

respectively. On the other hand, we have calculated the property values of RaF via two analytical

methods (expectation value and Z-vector method) in the relativistic coupled-cluster framework

within four-component formalism. We also calculated the Eeff and Ws values directly by using

Eqs. 1.15 and 1.17, respectively.

4.6 Conclusion

In conclusion, we have applied both Z-vector and expectation value method in the relativistic

coupled-cluster framework to calculate parallel and perpendicular magnetic HFS constant of 223Ra

in RaF, Eeff and Ws of RaF. We have also calculated the magnetic HFS constant of 223Ra+ to show

the reliability of our results. Our most reliable value of Eeff and Ws of RaF are 52.5 GV/cm and

141.2 kHz, respectively, with an estimated uncertainty of less than 10%. This shows that RaF

can be a potential candidate for the eEDM experiment. We also showed that core electrons play

significant role and the effect is severe for lower basis sets. Our results also show that the Z-vector,

being an energy derivative method, is much more reliable than the expectation value method.
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CHAPTER 5

P , T -violating Interactions in PbF

An ounce of practice is generally worth

more than a ton of theory.

Ernst F. Schumacher

The chapter considers the calculation of Eeff and parallel component of HFS constant (A‖) of PbF as it has some

interesting characteristics, which make it a strong candidate in the search of electron EDM. We have achieved a very

accurate wavefunction in the near nuclear region which is evident from our A‖ values. This shows that our calculated

Eeff value (38.1 GV/cm) is the most reliable one. The outcome of our calculations also clearly suggests that the core

electrons have significant contribution to the “atom in compound” properties.

65



Ph.D Thesis AcSIR

5.1 Introduction

The well established model of the interaction of elementary particles, the Standard Model (SM),

is incomplete as it cannot explain some of the well known phenomena of fundamental physics.

One such phenomenon is the dominance of matter over antimatter in our universe, although the

SM treats matter and antimatter exactly in the same way [1]. The violation of two fundamental

symmetries: inversion symmetry (P) and charge conjugation (C), is one of the several conditions

that can explain the matter antimatter asymmetry [2]. The CP violation within the SM originating

from the complex quark mixing Kobayashi-Maskawa matrix is too weak to explain such an asym-

metry. Therefore, the search for an extra CP violation (flavour-diagonal CP violation), which is

absent in the SM is needed to explore new physics beyond the conventional SM [3, 4]. Another

fundamental symmetry is the time-reversal (T ) symmetry, which is also violated with the violation

of CP symmetry though a direct observation of the violation of T symmetry is yet to observe [5].

The electric dipole moment (EDM) of any elementary particle is a consequence of violation of

both T and P as dipole moment is odd under P and even under T but spin is even under P and

odd under T [6]. According to SM, the electron EDM is too small (less than 10−38) to observe

experimentally [7]. Therefore, a measurable non zero EDM of electron would be the proof of

an extra CP violation and the first direct observation of T violation [8]. However, the intensive

search for the electron EDM over the period of half a century have not drawn any conclusion to

the final value of electron EDM, which would have out-turned in the upper bound limit of the

electron EDM for different quantum systems. Till date, the best limit of electron EDM in an

atomic system is achieved from the Tl atom experiment (|de| < 1.6 × 10−27 e cm) [9]. However,

the discovery of Sandars [10] reveals that the effective internal electric field experienced by an

electron is profoundly enhanced in heavy-atom containing polar molecule which makes these polar

diatomics very promising candidate in the search of the P- and P, T -violating experiments and

creates a dimension to explore new physics. The latest best upper limit of electron EDM is set

from the ThO experiment (|de| < 8.7 × 10−29 e cm) by ACME collaboration [11]. This limit is

one order lower in magnitude than the previous best limit (|de| < 10.5 × 10−28 e cm), which is

obtained from the molecular YbF experiment [12].

Another advantage of using diatomic molecules in the search of electron EDM is the Ω doublet
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structure of the ground and metastable state of such polar diatomic molecules, which gives an

additional enhancement and due to this reason different molecules having 2Σ 1

2

ground state (YbF

[12–16], HgF [17] , HgH, BaF [18]), 2Π 1

2

ground state (PbF [19–21]), 3∆1 metastable state (ThO

[11, 22–24], ThF+ [25–27], HfH+ [28], PtH+ [28], WC [29, 30]) et cetera have been proposed.

Among these molecules, PbF has some interesting characteristics, which make it a strong candidate

in the search of electron EDM. Pb is neither a lanthanide or actinide f element nor a transition d

element and PbF has a 2Π 1

2

ground state, which means the unpaired electron is in the π orbital

while in most of the other molecules, the unpaired electron is in the σ orbital in their ground state.

PbF, being a 2Π 1

2

ground state molecule, the spin angular momentum of the unpaired electron

contributing to the magnetic moment almost cancels the orbital angular momentum contribution to

the magnetic moment. This leads to a smaller g-factor in the 2Π 1

2

state of PbF. The smaller g-factor

[31, 32] makes it very insensitive to the background magnetic field and this leads to reduction in

some systematic errors in the experimental observation of electron EDM [33]. The other molecules

having small g-factor like PbF are ThO, ThF+, HfH+, PtH+, WC, et cetera but that is in their

metastable 3∆1 state. On the other hand, 2Π 1

2

state of PbF is a ground state, which is easy to

synthesize experimentally as compared to the metastable states. The energy shifts of the levels

of opposite parity in the ground rotational state of 207PbF due to the Ω doubling is canceled by

the magnetic hyperfine interaction as a repercussion the gap between two opposite parity levels

is very small (almost degenerate) [19]. Therefore, the molecule can be polarized very easily with

the application of a weak electric field and opposite sign of the Ω doublet component leads to the

cancellation of some systematic error.

The effective electric field (Eeff ) experienced by the electron in an atom or a molecule, which

is equally known as P,T-odd interaction constant (Wd = Eeff /|Ω|) is a non-measurable quantity.

On the other hand, it is very important to set the upper bound limit in the search of electric dipole

moment of electron. Therefore, one has to rely on a very accurate theoretical method to calculate

Eeff , precisely.

we have chosen Z-vector method in the coupled-cluster single- and double- excitation approx-

imation (CCSD) for the calculation of effective electric field, Eeff , experienced by the unpaired

electron in the ground state of PbF molecule. The parallel magnetic hyperfine structure (HFS)
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constant of 207Pb in PbF molecule is also calculated to judge the accuracy in the calculated Eeff

values, since both of these properties need an accurate wavefunction in the near nuclear region.

Further, we have calculated molecular dipole moment of PbF molecule and both the calculated

HFS constant and molecular dipole moment are compared with the experimental value and all

these results are compared with the values calculated by means of other theoretical methods.

5.2 Computational details

The locally modified DIRAC10 [34] program package is used to construct one electron spinors,

two-body matrix elements and one-electron property integrals. Gaussian charge distribution is

considered to take care of the finite size of the nucleus where the nuclear parameters [35] are

taken as default value of DIRAC10. Restricted kinetic balance (RKB) [36] is used to construct

small component basis functions from large component basis. In RKB, the basis functions are

represented in scalar basis and unphysical solutions are removed by diagonalizing free particle

Hamiltonian. The positive and negative energy solutions are generated in 1:1 manner by this

formalism. We have done five different calculations (A-E) by varying basis function and number

of correlated electrons. For Pb, dyall.cv3z [37] and for F, cc-pCVTZ [38] basis is used and two

different calculations are done by using 55 and 73 number of correlated electrons and these are

denoted by A and B, respectively. We have done three more calculations by using 55, 73 and 91

(all electron) correlated electrons where dyall.cv4z [37] and cc-pCVQZ [38] are used for Pb and F,

respectively and these calculations are denoted as C, D and E, respectively. The cutoff used for A,

B, C, D and E calculations are 3500 a.u., 1000 a.u., 70 a.u., 70 a.u., and 70 a.u., respectively. We

have used the experimental bond length (3.89 a.u.) [39] for the calculation of properties of PbF in

its ground state.

5.3 Results and discussion

In Table 5.1, we present the molecular dipole moment (µ), parallel component of magnetic hyper-

fine structure constant (A‖) of 207Pb and effective electric field (Eeff) experienced by the unpaired

electron of PbF. From Table 5.1, it is clear that our dipole moment values are in good agreement
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Table 5.1: Dipole moment, parallel magnetic HFS of 207Pb and effective electric field of PbF

µ (D) A‖ (MHz) Eeff(GV/cm)

Basis Z-vector Expt. [31] Z-vector Expt. [20, 31] Z-vector

A 3.71 9865 36.6

B 3.72 9962 37.5

C 3.82 3.5±0.3 9968 10147 37.2

D 3.82 10043 37.9

E 3.83 10121 38.1

with the experimental value [31]. We got values in the range from 3.71 D (basis A) to 3.83 D

(basis E) due to different basis and number of correlated electrons but this range fits well within

experimental limit (3.5±0.3 D).
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Figure 5.1: Relative deviations between Z-vector and Expt. values of parallel magnetic HFS val-

ues.

The calculated parallel component of magnetic HFS constant of 207Pb in PbF shows an excel-

lent agreement with the experiment [20, 31]; specially for E basis where the absolute difference

between theory and experiment is only 26 MHz. The relative error of the parallel magnetic HFS

constant in five different calculations (A-E) is shown in Figure 5.1. The highest and lowest devia-

tions of Z-vector value from experiment are for basis A (2.86%) and basis E (0.26%), respectively.
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This trend in the deviations (expressed in δ%) is expected. When we go from triple zeta (TZ)

basis to quadruple zeta (QZ) basis with same number of correlated electrons (from A to C and B

to D where number of correlated electrons are 55 and 73, respectively) the δ% decreases as QZ

improves the configuration space more by including one higher angular momentum basis function

than TZ. On the other hand, for same basis, if we include more electrons in correlation calculation

(for TZ, from A to B and for QZ, from C to E), the δ% decreases as the more number of correlated

electrons includes more orthogonal space to Dirac-Hartree-Fock space and thus includes more cor-

relation contribution to the property value. It is also interesting to see that in TZ basis, when we

go from A to B, the addition of 18 electrons (i.e., 4s+3d+4p core electrons of Pb) improves the

parallel magnetic HFS constant by 97 MHz. In QZ basis, as we go from C to D and D to E, the

addition of 18 electrons (i.e., 4s+3d+4p and 1s-3p core electrons of Pb, respectively) improves the

A‖ value by 75 MHz and 78 MHz, respectively. From this observation we can conclude that the

core electrons have significant role in the correlation contribution of parallel magnetic HFS value.

In Table 5.1, we present our Z-vector results of Eeff of PbF in five different calculations where

the value ranges from 36.6 GV/cm to 38.1 GV/cm. We believe that the value in E basis (38.1

GV/cm) is the most reliable value of Eeff of PbF system as its corresponding parallel magnetic

HFS value has the closest agreement with experiment. In E basis, the Z-vector magnetic HFS

value has a uncertainty of 0.26%. So, considering basis set and other higher order correlation and

relativistic effects, we can conclude that the Eeff of PbF is 38.1 GV/cm with 4% uncertainty.

Table 5.2: Comparison of molecular dipole moment, magnetic HFS constant and Eeff of PbF

Method µ A‖ (207Pb) Eeff

(Debye) (MHz) (GV/cm)

SODCI(13e) [40] 4.26 9727 33

SODCI(13e)+OC [41] 5.00 10262 37

2c-CCSD(31e) [21] 3.97 10265 41

2c-CCSD(T)(31e) [21] 3.87 9942 40

4c-Z-vector(QZ, all electron) 3.83 10121 38.1

Experiment [20, 31] 3.5 ± 0.3 10147

We compared our Z-vector results with other theoretically obtained values. From Table 5.2, it

is clear that our all electron value in QZ basis for both dipole moment and parallel magnetic HFS
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of 207Pb in PbF has the best agreement with experiment among all the other theoretical values.

Baklanov et al did two calculations with 13 correlated electrons in spin-orbit direct CI (SODCI)

methods – one without outer core (OC) [40] correlation correction and the other with OC correla-

tion correction [41]. The SODCI with OC correction [41] calculation gives better value for A‖ of

207Pb but gives poorer value of molecular dipole moment. It is worth to remember that CI is not

size extensive and thus does not scale properly with number of electrons. So, CI is not a reliable

method for the system with a reasonable number of electrons, especially with heavy atom contain-

ing systems. Recently, Skripnikov et al [21] have done two two-component (2c) coupled cluster

calculations – one with single and double approximation (CCSD) and the other with CCSD with

perturbative triples (CCSD(T)) correction. In their calculations, Skripnikov et al have included

only 31 correlated electrons and removed 60 electrons (1s-4f inner-core electrons of Pb) by us-

ing “valence” semilocal version of the GRECP scheme [42, 43]. In valence semilocal version of

GRECP, the components were constructed for nodal valence pseudospinors by interpolating the po-

tential in the neighbor of pseudospinor node to avoid the singularity in the potential. The problem

of valence GRECP approximation is that it can lead to “non-negligible” errors for valence elec-

tronic states due to the improper reproduction of nuclear screening [42]. Although the molecular

GRECP calculations are two-component ones, the proper four-component wave function near the

nucleus is restored at the nonvariational restoration stage that can lead to small errors. On the other

hand our all-electron calculations are four-component at all the stages of calculations. Although

the authors in Ref. [21] claim that the “contemporary full-electron studies have not yet been able

to unambiguously surpass our approach when it comes to AIC and spectroscopic properties of in-

terest”, we believe that the explicit treatment of core electrons is necessary for this types of “atom

in coumpound ” (AIC) [44] properties where the polarization of the inner core electrons plays an

important role, which is evident from our calculated parallel magnetic HFS constant value.

5.4 Conclusions

In conclusion, we have applied Z-vector method in the coupled cluster framework to calculate Eeff

experienced by the electron in the ground state of PbF molecule. The calculated molecular dipole

Sudip Sasmal 71 CSIR-NCL



Ph.D Thesis AcSIR

moment and A‖ of 207Pb are in excellent agreement with the experimental values. As the calculated

HFS constant is in very good agreement with experiment, we can say that our calculated Eeff = 38.1

GV/cm is most reliable as both require accurate wave function near the nucleus and expectation

value of their operator are similar in structure. The core electrons have significant contribution in

the calculated values, which is evident from our calculated results. Therefore, it is desirable to

treat all the electrons explicitly to have much more accurate and reliable result.
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CHAPTER 6

A Potential Candidate for the eEDM

Experiment: HgH

There are two possible outcomes: if the result confirms the hypothesis,

then you’ve made a measurement. If the result is contrary to the

hypothesis, then you’ve made a discovery.

Enrico Fermi

Here, we have applied the Z-vector method in the relativistic coupled-cluster framework to calculate various P , T -

odd interaction constants of HgH and found that it has a very large Eeff (123.2 GV/cm) and Ws (284.2 kHz). This

makes HgH a potential candidate for the next generation eEDM experiment. Our calculated parallel and perpendicular

magnetic HFS constants of HgH are also in good agreement with the experiment. This shows the reliability of our

final Eeff and Ws values. Further, We have derived the relationship between these quantities and the ratio which will

help us to get model independent value of eEDM and S-PS interaction constant.
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6.1 Introduction

In the quest of new physics, there have been an extensive search in order to observe the violation

of parity (P) and time reversal (T ) symmetries [1]. An accurate measurement of electric dipole

moment of an electron (eEDM) [2, 3], which arises due to the violation of both P and T is the

most promising way to explore in this direction. Although, the intensive search over the past half

a century did not conclude in any final value of eEDM, however, it leads to achieve a tremendous

increase in the experimental sensitivity, and an upper bound limit of eEDM [4]. The enhancement

of eEDM effects in heavy polar diatomic molecules is the main reason for the higher sensitivity

of modern eEDM experiment [5, 6]. The sensitivity of the eEDM experiment using a heavy po-

lar diatomic molecule depends on the molecule’s permanent molecular EDM [7, 8]. There are

two main sources of permanent molecular EDM of a paramagnetic molecule; the eEDM and the

coupling interaction between the scalar-hadronic current and the pseudoscalar electronic current.

However, in most of the calculation either eEDM or the scalar-pseudoscalar (S-PS) interaction is

considered as the only possible source of permanent molecular EDM. For example, the best upper

bound limit of eEDM (de) and S-PS interaction constant (ks) is obtained from the ThO experiment

by ACME collaboration [4] where they have used the theoretically calculated value of effective

electric field (Eeff ) and S-PS P,T-odd interaction constant (Ws) [9, 10]. In the calculation of de, the

S-PS coupling constant ks, is assumed to be zero and vice versa, although both of these contribute

to the P,T-odd frequency shift in the experiment. However, it is possible to get independent limit

of de and ks by using the results from two different experiments [11] and for this the accurate

value of Eeff , Ws and their ratio are very important. Since, Eeff and Ws cannot be measured by any

experimental technique, therefore, these quantities have to be calculated by means of an accurate

theoretical method, which can incorporate both the effects of relativity and electron correlation in

an intertwined manner.

In this article, we focus on HgH molecule as it offers very high value of Eeff and Ws in its

ground electronic state (2Σ), which makes it a potential candidate for the future eEDM experi-

ments. The Z-vector method [12–14] in the relativistic coupled-cluster formalism is used to cal-

culate Eeff and Ws as it is the most reliable method for the calculation of ground state properties.

However, high values of Eeff and Ws are not the only requirement for the precise measurement of
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eEDM, but the molecule must be fully polarized with a low external electric field to fully utilize

the Eeff . The large rotational constant and small dipole moment of HgH suggest that one needs

to apply a much higher electric field to polarize HgH in a spectroscopic experiment. However,

Kozlov and Derevianko have suggested that it can be polarized easily in the matrix isolated solid

state non-spectroscopic experiment [15], which also offers 2-3 orders of higher sensitivity than the

current limit. Therefore, the detailed investigation of Eeff and Ws of HgH and their inter-relation

is very important for the eEDM experiment based on HgH moecule.

6.2 Computational details

The locally modified version of DIRAC10 program package [16] is used to solve the Dirac-Hartree-

Fock equation where the Dirac-Coulomb Hamiltonian is used. On the other hand, the Z-vector

method in the CCSD framework is used for the correlation treatment. The wavefunction is four-

component in nature and the small-component functions are linked to the large-components by

the restricted kinetic balance (RKB) condition [17]. Finite nucleus size is considered and the

nuclear potential is calculated considering Gaussian charge distribution [18]. We have done two

calculations - one with triple zeta (TZ) basis (dyall.cv3z for Hg [19] and cc-pCVTZ for H [20])

and the other with quadruple zeta (QZ) basis (dyall.cv4z for Hg [19] and cc-pCVQZ for H [20]).

As the higher energy virtual orbitals contribute very less in the correlation calculations, the virtual

orbitals whose energy exceeds 500 a.u. are removed from our calculations. None of the occupied

orbitals are frozen in our correlation calculation as the core polarization effect plays a vital role

for the type of properties of interest [14]. The experimental bond length of HgH (1.766 Å) [21] is

used to calculate the properties in its ground state (2Σ1/2).

6.3 Results and discussion

The accuracy of the P, T -odd properties like Eeff and Ws can be determined by comparing the

theoretically obtained magnetic HFS constants with the experimental values since all these matrix

elements require an accurate wavefunction in the near nuclear region of the heavy nucleus. The

parallel (A‖) and perpendicular (A⊥) magnetic HFS constant values of 199Hg and 201Hg in HgH
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Table 6.1: Dipole Moment (µ) (in Debye) and Magnetic HFS constants of HgH (in MHz)

199Hg 201Hg

Basis µ A‖ A⊥ A‖ A⊥

TZ 0.25 8371 6483 −3090 −2392

QZ 0.27 8440 6575 −3116 −2427

Expt. 0.47 7780(5)a 6200(3)a −2875(15)a −2275(10)a

8200(60)b 6500(50)b −2980(40)b −2380(30)b

ameasured in Ne matrices, bmeasured in Ar matrices.

are presented in Table 6.1. The experimental values are taken from Ref. [22], where Stowe et al

measured the magnetic HFS constant of HgH trapped in neon and argon matrices at 4K by electron

spin resonance study. The agreement of our calculated A‖ and A⊥ results with the experimental

values shows that the wavefunction evaluated in Z-vector method is very accurate in the near

nuclear region and thus it also shows the reliability of our calculated Eeff and Ws values. Further,

we have calculated molecular-frame dipole moment (µ) of the HgH molecule using same Z-vector

method. The obtained (µ) values are 0.25 D and 0.27 D in TZ and QZ basis, respectively. These

results are also compiled in the same table and compared with the available experimental value

[23]. However, the experimental µ value of HgH reported in Ref. [23] was measured with an

unusual and indirect way and the value is also given without any experimental uncertainty.

Table 6.2: Eeff (in GV/cm), Ws (in kHz) and the ratio of them (R = Eeff /Ws in units of 1018/e cm)

of HgH.

Basis Eeff Ws R

SCF Z-vector SCF Z-vector SCF Z-vector

TZ 106.8 123.3 241.2 284.3 107.1 104.9

QZ 106.9 123.2 241.7 284.2 106.9 104.8

In Table 6.2, we present the Eeff and Ws values of our calculation. The Eeff value of HgH ob-

tained in QZ basis is 123.2 GV/cm. This result shows that HgH is one of those diatomic molecules

which have the largest effective electric field. Previously, Kozlov calculated the Eeff of HgH by us-

ing a semiempirical method and the value found to be 79 GV/cm. On the other hand, we have used

an ab initio (Z-vector method in the relativistic CCSD framework) method with sufficiently large
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basis sets (TZ and QZ) to calculate the properties of HgH which makes our calculated values more

reliable. Our calculated Ws value in QZ basis is 284.2 kHz. This large value of Ws suggests that

the S-PS interaction can contribute a significant amount to the permanent molecular EDM. These

characteristics of HgH make it an important player in the field of eEDM search. The ratio (R) of

Eeff to Ws is also calculated as this is a very important quantity to obtain the model independent

limit of de and ks as suggested by Dzuba et al [11]. They suggest that this ratio would be constant

for a particular heavy nucleus for the following reasons: (i) these types of property mainly depend

on the core (near nuclear region) electronic wavefunction and in this short distance the one electron

Dirac equation becomes identical for all single-electron states with the given angular momenta; (ii)

the main contribution of these types of properties comes from the s
1/2

-p
1/2

matrix elements and thus

the many-body effects like core polarization has a very little effect on the ratio R. Our calculated

values of R in QZ basis are 106.9 and 104.8 in units of 1018/e cm in the SCF and in the Z-vector

calculations, respectively. These results support the previous argument as the correlation treatment

changes the value of R only by 2 units. These values are very close to the value obtained by Dzuba

et al (112.5 in the same unit) [11] where they used an analytic expression to evaluate this ratio. By

putting the value of R in Eq.1.20, we can get the following relation (for details see Section 1.8 of

Chapter 1)

de + 4.77× 10−21ks = dexpte |
ks=0

, (6.1)

where dexpte |
ks=0

is the eEDM limit derived from the P, T -odd energy shift of HgH experiment at

the limit of ks = 0.

There are three main possible sources of error associated with our calculation - (i) basis set

incompleteness, (ii) cutoff used for virtual orbitals in the correlation calculations and (iii) higher

order correlation effect. The error associated with the incompleteness of the basis set can be esti-

mated by comparing TZ and QZ basis calculations. The difference between the results calculated

in TZ and QZ basis for both Eeff and Ws is less than 0.1%. We have done a series of calculations

(compiled in Table 6.3) to estimate the error associated with the restriction of correlation space by

neglecting higher energy virtual orbitals. In this calculation, the Eeff and Ws values are calculated

by employing double zeta (DZ) basis (dyall.cv2z for Hg [19] and cc-pCVDZ for H [20]) in the

Z-vector method with different cutoff of virtual orbitals. The difference of calculated values using
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Table 6.3: Convergence pattern of A‖ of 199Hg in HgH, µ, Eeff and Ws of HgH as a function of

virtual orbitals

Cutoff Virtual µ A‖ Eeff Ws

(a.u.) spinor (D) (MHz) (GV/cm) (kHz)

100 175 0.168 7911 115.6 260.5

200 199 0.169 7918 115.7 260.6

400 207 0.169 7977 116.8 263.0

500 231 0.170 7980 116.8 263.1

1000 239 0.170 8015 117.5 264.6

no cutoff 355 0.170 8069 118.5 266.9

500 a.u. cutoff for virtual orbitals and using all virtual orbitals in correlation calculation are 1.7

GV/cm and 3.8 kHz for Eeff and Ws, respectively. Therefore, if we use 500 a.u. as cutoff for the

virtual orbitals, then the associated errors in both Eeff and Ws values are about 1.4%. The effect of

higher order correlation terms can be estimated by comparing our CCSD results with CCSD with

partial triples (CCSD(T)) or with full configuration interaction (FCI) calculations. These types of

calculations are very expensive and beyond the scope of the present study. However, from our ex-

perience we can comment that the error associated with this effect will be within 3.5%. Although

these three effects are intertwined in nature, assuming linearity, we estimate our results are correct

within 5% uncertainty. It is worth to mention that our results are free from the error associated

with the effect of core polarization since all the electrons are correlated in our calculation. From

Table 6.1, 6.2 and 6.3, we can see that the HFS constants, Eeff and Ws values are following the

same trend and thus, we can comment that the calculated Eeff and Ws values are very accurate.

The above results suggest that HgH can be a potential candidate for the future eEDM experi-

ment. However, there are other factors that need to be considered for an eEDM experiment. The

ground state of HgH is a 2Σ state. It has no orbital angular momentum contribution to the magnetic

moment and thus it cannot cancels the unpaired electron’s spin angular momentum contribution

to the magnetic moment unlike PbF and ThO. For this reason the 2Σ state of HgH has a higher

g-factor compared to 2Π1/2 state of PbF [24] or 3∆1 state of ThO [25, 26]. Thus, it can give a

significant magnetic noise in the spectroscopic eEDM experiment. Being a 2Σ state, there are no

Ω-doublets [27] available for the ground state of HgH which can be used as a comagnetometer
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state [26, 28, 29] that can suppress some systematic errors though it is possible to find the sets of

“internal comagnetometer” states with the proper combinations of different rotational states [30].

Even though HgH has a high Eeff , one needs to fully polarize the molecule in an external laboratory

electric field for the maximal utilization of Eeff . But the large rotational constant [31] and small

molecular dipole moment [23] of HgH suggest that enormous amount of external electric field is

required to fully polarize the HgH molecule. On the contrary, as suggested by Kozlov et al [15],

HgH can be polarized easily in the matrix isolated solid state non-spectroscopic experiment. They

also argued that in this method, it is possible to improve the eEDM limit by 2-3 orders higher than

the current limit. Therefore, considering these facts, we can comment that HgH can be a poten-

tial candidate for eEDM experiment and the solid state non-spectroscopic experimental technique

would be best suitable for it.

6.4 Conclusion

In summary, we have performed the precise calculation of Eeff and Ws of HgH molecule in its

open-shell ground state using the most reliable Z-vector method in the relativistic coupled-cluster

framework. The outcome of our study reveals that HgH has one of the highest Eeff and Ws known

for the polar diatomic molecule. On the other hand, HgH can be polarized easily using a solid state

non-spectroscopic technique. Thus, the combination makes HgH a very important candidate for

the next generation eEDM experiment.
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CHAPTER 7

Summary and Future Scope of the Thesis

Reasoning draws a conclusion, but does not make the conclusion

certain, unless the mind discovers it by the path of experience.

Roger Bacon

7.1 Summary

The main aim of this thesis was to develop an ab initio method that can generate precise wavefunc-

tion in the nuclear region of the heavy nucleus of the atomic and molecular systems and to apply

the method to obtain various parity (P) and time reversal (T ) violating interaction constants of rel-

evant systems. These P, T -odd interaction constants are very important quantities in the electron’s

electric dipole moment (eEDM) experiment, which has the potential to solve some well known

mysteries of physics. The simultaneous inclusion of relativistic and electron correlation effects is

the key for the precise calculation of these properties. The Dirac-Hartree-Fock (DHF) method in

the four-component formalism is used to include the effect of special relativity where the Coulomb

approximation is used to treat the electron-electron interaction term in the Hamiltonian.

At the first attempt of correlation treatment, we have implemented the extended coupled-cluster

(ECC) method, where the coupled-cluster equation is solved in a variational way. The implemented

method is applied to calculate the magnetic hyperfine structure (HFS) constant of some atoms and
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diatomic molecules. Although we have achieved good results, the generated wavefunction in the

nuclear region is not good enough for the P, T -odd properties. Computationally, the ECC is a very

expensive method and thus, the calculation of P, T -odd interaction constants of the relevant heavy

diatomic molecules in a reasonable basis is almost impossible.

Next, we have solved the CC more traditionally, i.e., non-variationally. The property values

have been obtained using the Z-vector method. The implemented Z-vector method in the CC

framework is applied to calculate the dipole moment and the parallel component of magnetic HFS

constant of SrF. The results show that the Z-vector method can generate very good wavefunction

not only in the nuclear region but in the outer region also. We have also compared the Z-vector and

the ECC results of the magnetic HFS constant of alkali metal atoms and mono-positive alkaline

earth metal atoms, and the comparison shows that the Z-vector method can produce far better

results than the ECC method. And computationally, the Z-vector method is more feasible than the

ECC method.

Next, we have applied the Z-vector method in the CC framework to calculate the effective elec-

tric field (Eeff) experienced by the unpaired electron and the electron-nucleus scalar-pseudoscalar

(S-PS) interaction constant (Ws) of RaF, PbF and HgH. We have showed that the core polarization

can play a vital role for the calculation of these types “atom in compound” (AIC) properties and

thus it is desirable to treat all the electrons explicitly in the correlation calculation. The most reli-

able value of Eeff of RaF, PbF and HgH are 52.5, 38.1 and 123.2 GV/cm, respectively. The most

reliable value of Ws of RaF and HgH are 141.2 and 284.2 kHz, respectively. The ratio of Eeff to

Ws and the interrelation between the value of eEDM (de) and the P, T -odd S-PS constant (ks) are

obtained in the respective chapters as these are important to set independent limit on de and ks.

In conclusion, the thesis identifies three important players for the next generation eEDM ex-

periment and provides the most reliable values of Eeff and Ws of these systems which cannot be

obtained experimentally.
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7.2 Further scope

We have found an unusual behavior in the TlH+ system. Previously, we have found that the Eeff

and Ws of HgH are very high. Although TlH+ is an iso-electronic to HgH, the Eeff and Ws of TlH+

are surprisingly low (more than 20 times lower). So, we want to understand why these are so low

for the TlH+ system.

So far, we have calculated the Eeff and Ws of various systems in their ground electronic state.

Next, we want to calculate the properties of the excited state as there are very promising candidate

like ThO, ThF+, HfH+, PtH+, WC, etc., which offers very high eEDM effects in their metastable

excited (3∆) state.
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APPENDIX A

Algebraic expression of ECC energy and

cluster amplitude equation

The zeroth order ECC energy functional within the approximation stated in the thesis is
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Equation for t
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Equation for E(1) is given by
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APPENDIX B

Diagrammatic of amplitude equation and

energy derivative of ECC

In Figure B.1, Figure B.2, Figure B.3 and Figure B.4, we present all the necessary diagrams re-

quired to construct the equations for s1, s2, t1 and t2 amplitudes respectively. The diagrams required

for first order energy derivative (E(1)) are given in Figure B.5.
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Figure B.1: Diagrams for s1 amplitude
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Figure B.2: Diagrams for s2 amplitude
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Figure B.3: Diagrams for t1 amplitude
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Figure B.4: Diagrams for t2 amplitude
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Figure B.5: Diagrams for first order energy derivative (E(1))
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