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ANOPSIS

The thesis is concerned primarily with gas-liquid
reactions. The main objective of the studies is to formulate
a generalised procedure for gas-liquid yreactions which can
also be applied to gas-solid catalytic reactions under certain
iimiting conditions. In addition, experimental results are
presented for a system of practical importance fehlorohydrination
of ethylenel. In the last chapter of the thesis a theoretical
analysis of the role of catalyst fouling is presented for
different situstions. The chief features of the theoretical

and experimental work presented in the thesis are outlined below.

A detailed snalysis of gas-liguid reactions is nade
and a mathematical model which explains the dif fusion-reaction
behaviour of heterogeneous systems developed. Gas=-solid
catalytic reactions represent = limiting gsituation of this
general wodel. The effectiveness factors for gas-liquid
reactions are represented by regions which, under approprinto
limiting conditions, degenerate to a 1ine for gas-solid

catalytic reactions.

The concept of the effectiveness factor is extended to
a p"h order reaction and a gemeralised expression for the
effoctiveness factor obtained. This expression, under appropriate
1imiting conditions, is shown to represent the gas-liquid and
gas-gsolid reactions. The results obta icate that the
generalised approach can be used to formulate a unified

diffusion-reaction theory for all heterogeneous systems.




fhe case of gas absoxtptior, under nonisothermal conditions
is examined in the light of developments éiscussed above. A
#inetic boundary condition at the interface for the liguid
component B is proposed, and qualitative and approximately
quantitative features of the system are evaluasted. The results
indicate that unlike in cases mentioned above, ¢ [the newly

defined gas-liquid parameter] alone is not sufficient to

~ gemeralise the gas-liquid and gas-solid systems, but requires

that the Thiele modulus based on the surface rate constant is
@ls0 zero simultaneously. The surface tension driven instability
[Marangoni instabilities) encountered in many gas-liquid systems

18 impossible under nonisothermal conditions.

A mathematical model is developed to coupute the optimum
gas phase composition for the case of simultsneous absorption
of two gases which react between themselves, so as to get the
maximum yield. The constraint of fluxes [for remctants A and B)
being present in their stoichiometric amounts at the end of the
film is imposed on the governing differentisl equation and
variational methods of ealculus are used to get the solution,

An analysis of the complex resction scheme repregenting
the reactions encountered in the manufacture of propylene oxide
was carried out earlier in this Laboratory using the non-linear
exponential profile., The exact results could not be obtained

then because of the complex mathematical formulation, Suitable

methods are devised novw to get a more ac ‘urate solutien

[within 3% of the exact solution], «’
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Experiments to get the intrineic kinetics of the reaction

HOC1l « cznl'[.ﬂ = C,H,0HC)

encountered in the manufacture of ethylene oxide [or propylene

oxide' have been completed, The data are amlyseé ir terms of

the regimes of operation,

As pointed out in the above sactions one of the objectives

of the present work imn gas-liquid reactions is to provide a

céumon basis for the analysis of the role of diffusion in gas-
liquid and gas-solid catalytic reactions. Arising out of this,

scme theoretical studies are also reported on gas-solid catalytie

gystems,

The design of a fixed bed reactor with a deactivating

catalyst is a complex problem, primarily because of the wide

variety of deactivation processes involved, A mathematical

model is developed for the case of nonisothermal catalyst
fouling with no diffusion.

A two-dimensional model for the fixed bed reactor with
internal diffusion and catalyst deactivation is then developed
for a general order reaction. The effect of the deactivation '

process on the apparent order of reaction is evaluated for the

case of pore mouth poisoning.

The effect of nonuniform deposition of catalyst on the

carrier support is then examined for a geﬁl order reaction.
The governing nonlinear differential equat is transformed into

an Emden-Fowler type of equation using suitable transformations,
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and its asymptotic solutions are prosented, verifying the
previously known general conc lusions for a first order
reaction. h expressions OEJ‘.,_-"]i]';,;;’! can be used for » wi de

) » 2
vema,

[47]
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CHAPT] !

Gas-liguid and gas-s0lid reactions are usually considered
a8 two distinct classes in chemical engineering, The formulation
of the problems and the mathematicel approsches are also
different for the two cases. While tihis approach seenms
Justified considering the distinctive physical nature of each
of these systems, purely from a design and analytical point of
view it seems possible to evolve & common design philosophy,
This philosoﬁhy is based on the recognition that chemical.
reaction is the chief occurrence in all reactors, with diffusion
Very much in the role of an intruder or falsifier of the true
kinetics,

While this phllosophy has been followed in the design
of catalytic reactors, the comverse approach has found favour
in the case of gas-liquid resctors. Thus one talks of enhance-
ment of the physical absorption due to chemical reaction in
aaa-.uquiq systems as agninst the retardation of the chemical
reaction in gas-solid eatalytic resctions. 2 common approach
to the two systems is possible by considering diffusion as the
intruder in both the cages,

The present work was undertaken with the object of
attempting a Wheoretical analysis of the tvo systems, partly
for examining the feagibility of a common approach, and partly
for studying certain Specific aspects of the two cases. In
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all these analyses certain mathematical tools have been empleoyed

to get amalytical solutions wherever possible., Thus the first

chapter of the thesis will be concerned with a brief discussion

of the approximate methods used in chemical engineering,

particularly those that are pertinent to the problems of

diffusion-cun=reaction,

In the light of what has been stated sbove the objectives

of thé present vork may be outlined as follows:

[1] To present a mathematical analyasis of the problem
of diffusion and reaction between two gases in a liquid.

[2] To formulate an approach for determining the optinmum

bulk phase compogition for reaction betwveen two gases in a
liguid,

[3] To propose a common approach to the enalysis of
gas-liquid and gas-solid catalytie reactions,

(4] To determine experimentally the kineties of an

industrially important gas-liquid reaction: chlorohydrination

of ethylene, and to verify the model proposed under [11.

[5] To present a rigorous analysis of the role of
catalyst fouling in gas-solid eatalytiec reactions.

It will be noticed that the preseniation starts with
eertain specific problems in gas-liguid reactions, followed by

an analogy between gas-liquid and gas-solid catelytic reactions,

and ending finmally in a theoretical analysis of an important




problem in gas-solid catalytic reactions,.

As already mentioned in Section 1.1, a brief discussion
of the approximate Bathematical methods used in the golution
of the equations pertinent to the present analyses 1is also
described. Instead of glving brief descriptions of the various
problems at this Stage, such deseriptions are included in the
appropriate chapters. A Summary of the approximaste methods
used is however presented below, as these methods are used

in all the chapters,

13

The realistic repregentation of most of the processes
often requires the solution of nonlinear equationg and resort
to finite difsrerence schemes is often envisaged, The numerical
methods, though accurate and successful, often involve cumbersome
Procedures. In engineering Practice, where the design of a
Specific unit is often based on empirical formulation combined
with experience and basic understanding of the underlying
phenomenon, the Accuracy down to this level is often not
required. Under such circumstances simple theoretical formula-
tions ard approximate solutions are preferable to complicated
oneés, even though the latter may be more exact. By suitably
introdueing certain approximations in the basie problem it 1is
often possible to reduce the problem to a stage where analytical

solution gcan be easlly obtained, Humerous such approximating
techniques have been used in the studies of diffusion mass or
thermall with or without chemical reaction [or heat source)



and are reported in the literature.

In general four types of nonlinearity can be recognised:
[1] nonlinear source term caused by chemical reaction; [ii) non-
linearities in the derivative caused mainly‘be dependence of
transport coefficients on temperature, ete.; [11i¥ nonlinear
coefficients in the governing equations; and [iv] nonlinear
boundary conditions, as for example in some of the heat conduction

problems.

The problems encountered in the study of mass transfer
in gas-liquid systems can be categorised under either of these
classes, and the problems considered, viz. gas absorption with
simple and complex reactions [33-45], mass transfer from gas
bubbles [46-54], mass transfer aeross film [55-57] etc., display
the methods of solution for each of these classes. The specific
approximations used in the case of absorption with simple and
complex chemical reactions are compared in Table 1.1 [also see
Table 2.1]. The more general methods for obtaining a solution

to a variety of problems are briefly considered below.

1.3.1 Orthogonal collocation

The orthogonal colleocation method, which is a special
case of the collocation method and the method of weighted
residuals, was first developed by Villadsen and Stewart [2],
This is a very dfficient method in solving the mathematical |
models describing the combined effects of diffusion and
-chemical reaction. In this method the unknown exact solution

is expanded in a series of known functions, which are chosen




to satisfy as many conditions of the problem as is feagible.

The unknown coeffieients in the series are then determined in

& way 80 as to satisfy the differentisl equation in some bdest
way. 7he trial function is substituted into the differential
equation which is set to zero at the colloeation points and

the unknown coefficients in the trinl function are determined,
Hore number of terms can be included in the series so as to
have a larger number of collocation points thus improving the
neouracy. Using first order approximation often gives an
analytical solution snd is usually suffieient for engineering
ealculations. Several papers [2-8] have appeared in literature,
wherein use of this technique has been made in obtaining solution

for varicus problems, besides an excellent review available 9],

Te3+2 Yariational methods

The variational formulations are often useful in finding
approximate sclutions to a nuamber of problems, The variational
format has the structure of an integral which is to be rendered
stationary by an appropriate cholce of the function appearing
in the integrand of the integral., Schechter {10) has described
the various approximating techniques to a variety of problems
in chemical éngineering. In view of the generality of this
method it 1s not considered in greater detail here,

1.343 WI—HAULBS&WW

In hetercgeneous systems, the transport of heat or mass

by way of conduction or molecular diffusion is often an

important factor under consideration. Even for the cage of




diffusion with no chemical reaction a partial differential
equation results for the unsteady state case and only under
restricted conditions is an analytical solution to the problem
possible. Approximate solutions can however be designed to
yield answers in an analytical form. The approximate methods
for these types of problems [e.g. heat conduction] are well known
and are essentially based on the welghting function or Biot-
Langrangian formulation. Thus an analytical expression for

the temperature [or concentration] satisfying the boundary
conditions of the problem ang containing a number of possible
time dependent parameters is designed. The various methods
[Galerkin' s, Biot' s and heat balance method] differ only in

the manner in which these rarameters are obtained. The weighted
residual approach has been used with success in solving a
variety of important problems, inecluding the boundary layer
flows and nonlinear heat and mass transfer problems. Good
reviews of weighted residual methods have been given by Ames [11]
and Finlayson and Scriven [12] and a number of authors have

used it for solution of nonlinear diffusion equations,

The method congists of formulating a solution of the
problem which satisfies the partial differential equation,
and perhaps some of the boundary condi tions, only in some
average sense over the region of interest rather than at each
and every point of the region as is required in an exact

solution.

Boley [13] has summarised the results obtained using

these methods for the heat conduction problem with different




boundary conditions and concludes that the choice of the method

to be used 1s often a matter of Judgement. In order to have

an estimate of the error incurred in the apprdximnte solution
ef the problem, a lower and upper bound for the solution ecan

be found to bracket the approximate solution. The bounds
derived for the various Problens including the moving boundary
value problems have been summarised in reference 131, The

use of superposition in the approximste sclutions of the problems
with time dependent conditions hag been investigated for the
heat conduction problems by Beley 4], The use of Duhamel

or convolution integrals or the basis of an approximate solution
has been considered in their analysis and a comparison between

the solutions with the numerical one 18 made.

Goodman' 3 integral method 13 a versatile method that
ean be used to solve a number of problems eontaining all the
types of nonlinearities, The integral method reduces the
noenlinear boundary value problem to an ordinary initisl value
problem, the so;ution of which can be often found analytically,
The versatility of the method i3 demonstrated by Goodman [15)
by presenting a number of problems in heat conduction, A
Rumber of authors 1618 have used this method to solve heat
eonduction problems, As far as the analogy between heat econduction
- and mass diffusion g08s, this method can be used to solve
diffusien problems also. However apart from a brief mention of

these methods they are not considered in any great details here,

i 1e3+4 Genernl approximating methods

In a gseries of articles, Hlavacek ot g3 [19-21] have




suggested approximate methodsg for solving various problems
deseribing heat and mass transfer with chemical reaction., In
all these methods, the nonlinear parabolie differential equation
which describes a number of systems in chemical engineering

is converted into a set of ordinary differential equations which
can be solved more easily. In the linearisation techni que

described for solving a parabolic partial differential equation,

—g—% = Lus+R[x, ul [1.1]

where L 1is the linear operator containing derivatives up to
second order, a solution for u is first obtained with the
nonlinear R term removed. This solution is then used to
replace the terms under the differential operator. The appli-
cation of this method hasg been deseribed by considering a

problem of heat and mass transfer with chemical reaction,

14345 Using Fredholm integral eguation

A majority of the boundary value problems of chemical
engineering can be ‘brought into the form of Fredholm integral
equations. The detailed theory of these equations has been
discussed in books [22, 23]; once the basic equation is brought

in the form

b

g [x] -2 f K [xy y1 8 [y) dy = £ [x] [1.2]

a

8 number of methods can be employed to get the approximate
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solution. Thus the terms under the integral sign can be replaced
by some simple form of expression not involving the integral

sign obtained by using any of the formulae for approximate
integration. In the method of Successive approximations a
solution is sought in the form of a series arranged in powers

of A
PIxt =gy [ +2fy [0 +2% 6, [x] + vevern [1.3]

For the case when K [x, y] is a degenerate kernel, a complete
solution to Equation [1.2] can be given. In another instance
the kernel X [x, y] may be approximately replaced by a
degenerate kernel and the resulting equation then solved. These
methods are widely used to solve the problems in mathematical
physies though their use to chemical engineering problems have
not been fully expleoited. The process of mass transfer in a
tubular reactor which glves rise to a nonlinear equation is
considered here to show the applicability of the integral
equations of Fredholm to the problem of chemical engineering.,
The two dimensional partial differentisl equation along with
its boundary conditions can be transformed using the similarity
transformations to the following ordinary differential equation:

2
d” w B d w
L] = — 4+ -1 = £, [Wl-R| [1.4]
d & £ d €
d w 1 d w
(5 0 —ur= m & = =0
€% deg ; a[x) ' ace

E>0, w = 1 [1.5]
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where Fq Tepresents an arbitrary constant.

An alternative theorem, which states that Equation [1.4]
has a unique solution if the ceorresponding homogeneous equation
has a trivial solution, can be used to establish the uniqueness
of the solution. The nontrivial solution of the auxiliary

homogeneous equation has the solution

vl = ¢ [N, ] [1.6]

where hm and Vn @are the eigenvalues ang eigen functions
respectively. The eigenvalues A, of Equation [1.6] are the
sfquares of the zeros of Bessel function. As regards the
e#istence of these zeros, it is known that each funetion Jn
has, in fact, infinitely many gzeros, For Bessel functions

of zero order a special treatment basged oh particular properties
of Bessel functions has to be made use of [22], Accordingly,
the eigenvalues of the Bessel problem with boundary econdition
vI1 =0 for n =1 are identical witn those for the boundary
condition v’[1] ; O for n =0 [apart from the first
elgenvalue which is zero]. One can thus obtain the asymptotie

formula for the ZETros lm of Jn as

]
-5

[1.7]

m = o«

where n Treépresents the order of Bessel function. Defining
now Equation [1.6] as the kernel, Equation [1.4] can be

transformed into its integral representation as

¥ = ' A W f1-8]




where A1 is the integral operator given by

1

Ay w o= fv g & 1 2, [W] ae [1.9)
0

Any of the approximate methods described above can now be used

to solve this integral equation of Fredholm.

1346 Qptimum linearisation technigue

The optimum linearisation technique, first introduced
by West [24] to solve ordinary differential equations in
nonlinear vibration theory and later applied by Vujanovie [25]
to heat conduction problems, can be used to solve nonlinear
diffusion type of equations. The method is used in the case
of simultaneous absorption of two gases which react between
themselves [Chapter 3]. It can be applied to problems involving
the nonlinearity caused mainly by the dependence of transport
coefficients on temﬁerature ete. as well as to problems with

nonlinear boundary conditions.

1.3.7 Perturbation method

The perturbation methods can also be used in solving

- @ number of nonlinear problems (59, 601. The case of longitudinal

dispersion in chemical flow reactors [26] is considered here to

illustrate the method. The governing differentisl equation

4 d2 W d w
— 5 w e o fiwl » O [1-10]
Pg d x d =

along with the Danckwerts boundary condition represents the



12

physical situation. For a nonlinear f [w] term, analytical

solution of the equation is not possible. For solution at

high Peclet number Equation [1.10] becomes

o,
=

|

= = f [w] [1.11]

=
(&)

the sclution of whieh w&

concentration profile for w [z, £ 1 for § # 0 1is then expressed

can be readily obtained. The

a8 a superposition of w for € = 0 and some perturbation
P ~

terms

w[z,ﬁ]=wd [z] + &Y 4 (2] + g2 vo [2) + vus  [1.12]

This series is then substituted into the governing differential
Equation [1.107 and like powers of ¢ are equated when ordinary
differential equations equal to the number of perturbation
funetion retained in Equation [1.12] are obtained, whiech can

be solved to get the functions v 4 and P o

In steady state transport problems the equation
gf" +G (=, 7, ¢ ] = 0 often describes the system. In
another method [27] the second order term is treated as a
singular perturbation on the first order differential equation
G [z, £, f'] = 0+ Both these methods have been applied to s
nonisothermal, chemically reacting system in the literature [28].
The perturbation technique has alse been applied to other
Problems like bubble dissolution [29], moving boundary. problems
[(30], ete. The same problem of axial dispersion in chemical flow
Téactor has been considered by Shah and Paraskes [64]. Approximate
eollocation solutions obtained compare well with the numeriecal




golutions at low and intermediate values of Peclet nuumber.

At large values of Peclet nusber the perturbation solution

obtained by Burghardt and Zalesky [27) seems to approximate

better and should be preferred.

The perturbation technique can thus be successfully

uged in obtaining solutions to nonlinear differential

equations. A convenient method of obtaining solutions to

ponlinear differential equestions, which cannot be readily

handled by perturbation series,is however the weighted
residuals method discussed earlier.

In this chapter the general approximate methods used
in the solution of the diffusion-reaction problems have been

briefly deseribed. The specific problems in mass transfer,

where these techniques are employed are cited in the references

and are not discussed in any detail,
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SIMULTANEQCUS AVNSOR] 105 _OF TWO GASES 28 A LICUI!

the snalysis of gas-liquid reactions has so far been

dargely restricted to the absorption of a single gas in 2
diquid followed by a simple reaction, and the theory pertaining
| $0 such systems has been discussed by Danckwerts [ 11 and
Astarita (2], Atteupts have also been made during the last
few years to extend the treatment to absorption of a single

gns followed by a complex resction 1 - 121, and also to
abgorption of two zases each undergoing an independent reaction
with the liquid (10 - 18], simultanecus absorption of two
Lases 1ﬁ a ldquid with or without éneuical reanction is involved
in many industrially important processes and the information
avallable in the litermture on different aspects of absorption

of two gases hag bLeen reviewed by HAamachandran and Shorma (1)1 .

in this chapter, the more gereral situation in which two
68863 are absorbed in a liguid followed by a complex resction
Mbetwee: the two gases and the gages with the liguid’ will be
analysed. The theoretical analysis of such a complex system
Provides the basgic strategy for treating a variety of coaplex
gas-liquid reactions. A typical reaction of industrial
importance coniorming to the reaction scheme chosen iS the
ehlorohydrination of olefins leading to the corresponding
ehlorohydring and subsequently by lime treatment]! to the
@poxides,




21 T ASIC EQUATIONS

The complex reaction seheume mentioned is represented

by the following set of resctions;

Ky
2, -+ ZD v e 2x A r -‘
s
.‘,1\. B < zc Ll 2. B « zF i ?117
.
2, A + z B i e o 2, r N

The concentration profiles for the complex scheme considered
are shown in Figure 2,1, The differentinl equotions reprasenting
the material balsnces of the various species involved in the

complex scheme may be written 'baged on the film theory! as

follows:

l

d “A m n u v- s .
T e ——— " mn M - ” »
“aA a ya = 3‘.; i\1 -wA VB + h“ LJA U:J ‘ s_-c1.
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FIGURE 2-1: CONCENTRATION PROFILES OF THE REACTING
SPECIES FOR THE FAST REACTION REGIME




A =010 =Cyq Oy =0, O = Cror Sp = Cpg (2.7
In view of the faet that the diquid phage resctant is usually
in eieess, its concentration in the film may be assunmed to be
eonstant and equal to “eo* The resctant E formed in step [11)
of the reaction scheme is consumed by step [1i1) so that ¥
does not have an op;ortuhity to reamct with ¥ 4in aeccordance
with the reverse step shown in step [11), Also ¥ does not
Gisappear by any other reaction, so that its concentration in

the film will remain constant.

Equations (2,17 -« [2.5 can then be simplified to:

c 'A
"'—‘2“ S :—!1 U‘.n \é‘ + Hl.' H: ﬂz ."2.8"
d x -
a? by
Gy, ;—P— = ?41 J}: \{: f2.91
d2 ..
. v v
% "'-""2-' = Ml. “A W TZ.‘IO‘!



X = 1’ w}.} = ‘J’ 'l‘: = \-'BO, \‘i = 1 rd.121

From Equations [2,8) « (2,107 we have

2

a” w, " wy @ wy
g Rer L d 22

Equation [2.13] through boundary conditions [2.117 and [2.12)

can be scolved to establish a relation between Wae Wy, and w1

o Sl B R R IR ™ .1"‘"1307“’*::'““1:1'17”1:’ »

[1 v g« @ ] 2,14
L1 a5 G Wyl F2.14

Equation [2.,14] can now be used to obtain a relation between

Fy, and @, which is given by

Bquation [2,19) 1s rigorous and does not involve any
&pproximation., The problem hovever is that, ir order to
compute §, and Py for different values of the various
parameters, other expressions for ﬁA and $, are also
féquired. These expressions can be obtained by solving
“Quations [2.8] - (24107 through boundary conditions 2.11)

and [2.,12], The resulting equation may then be solved



gimultaneously with Equetions [2,15] to compute the values of

g, and $y. An analysis based on this strategy is presented

) a —— R— UOTAT M
..f.d Y ﬁ.L 18 O} A.i.i_.: GLEERAL CASE

As mentioned earlier, analytical solution of Rquation (2.1
has not been possible, and it is this step where suitable
approximations will have to be made in order to linesrise
Equation [2.1) and enable an approximate solution for Boo
The non-linear exponential profile propﬁaee enrlior by Chaudhari
and Doraiswamy [197 for components A and B have been used

in this work to linearise the problem. The profiles ares

v, = o A W= [2416)
, P
Vg = My ¢ M - wh01 o - T=x 2.17)

in addition it has been sssumed for the general order
reactions considered here that the interfacilal concentrations
of the liquid phase [non-volatile' components are constant,
vize w, = Wgye Suggested by Eikita and Asai 9], this
- Assumption has been widely used to linesrise problems irveolving
complex remctions, and has been proved to be valid for many
gas-liguid systems involving simultaneous diffusion and
chemical reaction . This approximation with respect to E
envisages the reaction between A and E [resetion 1ii

t0 be substantially complete at the interface so that the



goncentration of E Ainvolved is ¥:q+ The second reaction

involving the product F does not come inte the picture in

this analysig.

Idnearising Equation [2.8) using the profiles given by
Equations (2,167 and [2.,17] and solving the resulting equation
with boundary conditions [2.11) and [2.,12) gives the folloving

axpression for the enhancoment of A

2b
|
|

, [ “Bo #. 2 %oy U, + 8]
s === 0 T Ky 1S,) o (‘* .,_ >° By (Pn + B)
Sy Cy ~
: 2y . Pa
+29, ¢ E (g1 + N e By 19,) ra2.181

In deriving the expression for ﬁB, the complication
arising out of reaction [11] should be considered. In addition
to the boundary conditions given by Equations [2.11) and (2,121,

the kinetiec boundary condition explained in Chapter &4 can be

written for the component B. Thus

= : q P <

p .
- . - » &4 - ;’3‘ G o 'rr.. 3
I"’B‘l ”. !:RZ“Bo‘co k3 i:.o“}-'o:ll"& 2.9
b | 5
y = O
in Equation (2,197 the mass flux of component B at the end
Of the film is equated to the Quantity consumed by reaction
in the bulk, The iinesrised form of Equntion (2.9 18 then
solved through boundary condition (2,197 to give the enhance:ment
for component B; .




The values of the enhencement factors §, and #, can be

eanlculated from Equations [2,15) and [2,168) by a trial and

error method.

In deriving Equation (2,187 for ‘the enhsncement factor
for ecomponent A, it has been assumed that the interfacinl
m.ntratior; of the liquid phase reactants is constant, viz.
W =W This assumption can be relaxed under certain
elircunstances, Thus for an arbitrary case wvhen the order with
respect to each couironent involved is unity, the dimensionless

Sgquation (2,8 becomes

2
de

: "}
5T 0= Hyw, % s M v, W (2.21]

d x

Substituting for the soncentration of the species E in
terms of the concentrationsof A and B from Equation "2,147,
and golving the resulting equation subject to boundary

conditions [2.,11 and [2,12) leads to



———— e t———ptn |

25

A\

i'il' \
Ml’l rw‘i - 11 - ;:"] (“ﬁ FQA-‘ - ut Fﬂ’qﬁ) + 2 ﬁ:‘ e b1 rﬁ&-!

[2.22)

Similarly, Equation 2,97 can be solved to give the following

@quation for ﬁdz

T 8y + %) &
Py = "y [“uo . mfj ¢+ 1= "‘Bo]’ o By 1P, + ”‘.-;11] 3
#

EqQuations 2,221 and [2,23] tale invo account the effect of

variation of the concentration of the species & in the film

for a first order system, and can be solved with the basie

Squation 2,157 to give Fr wmd .

A Comparatively simple solution
Can also be obtained by neglecting the

cbtained in the expansion of the terms

to Equations [2,87 - 2,10
higher order terms

under the exponent,

‘he resulting approximate expressions for /A and @. obtained

By Chaudhary [21) are:




rt;.l.’f,-‘
where l(,, Ke, k3 are dimensionless ratios of rate eonstants
&nd are defined in the nomenclature,
. Trigonometric profiles for the concentratiorsof the
8pocles A and B, viz
sinh m, [1 « x)
Wy, = o= s [2,26)
. sinh m,




"4 - 1 M1 =« %)
1 Voo ginh mb 1 X

e M ¢ See—— r2,27)

.o ainh m,

can be used to sclve Equations [2.,8) - 2,107, With these pro-

files, the enhancement factors §, and §,., can be obtained

from Bquations [2.,26) and [2.27) by simple differentiation:

na ;
%P = ! 13.2(31
* + - :
Lann ma
' oy (1= 'Bo]‘
ﬂf = - r'd.Z"j-!
= tanh Wy

It 48 apparent from the above equations that a knowledge of
m.y m, and w18 necessary for the ealeculation of §,

and #.. They can be obtained as follows.
Equations [2.8) and [2.9), after substituting for the

concentration profiles for w,, W and Wyt and on integration
e

and rearrangement, give

G B Hll L0 < 1 ! E
e (“1 . ) x >
M Q sinh

- ;3 tanh ml:) mb i

= ma( 1 - : )a 3-2— <%i (1-\15'0)4

tanh L sinh m, ua -
) G :-il. 1 2-11. QB Hh
Wy (g = 1] == )= . e e B B )
A ma tanh “a & 2 %
i ' .
| ( 1 + } HBO ) ?2.301

mn sinh m . i



and

1 1 M ¥ho 1 1
snlm - me) R e )

tanh mb sinh m, 1 - ‘dBc‘ tanh Ba ainh nta

- H1 ( mﬂ - "‘""n"""‘") f¢3¢311

tanh ma tanh “o :

The dimensionliess concentr=tions Wgq @nd W, appearing in
the above equations may be obtained €rom Equations [2,14) and

[2.,19) by simple mathematical manipulstions:

B (1 = )
V}_i"’*‘!"" a % o “Bo -ih-ukﬂ
% G tanh B, % tanh By
f2.32"
1 r, sinh m, ( r, sinh n, ) b ry sinh »
% 4 T % + uh + ub
o - b

[2.33)

Equations [2.30) = [2.33] can now be solved simultaneously to
obtain the values of Wy W and Yo
| For the special case of cBo and Sl;o éequal to zero,
Equations (2,307, [2.32) and [2.33) can be simplified to give

g, t?’*(;b) = m t.ann(;l). . - - ( - LN S

- ' . h llb tanh m‘ tarh 'b

2347




Bquation "2.347 can be solved by a trisal and error method to

give LR and m.+ 7The values of ﬁﬁ and w} ean then be

ealculated from Equations (2,287 and 2.29),

23 BUSULTS AND DISCUSSION

A comparatively simple solution to Equationg [2.8) « l2.10"
lhaa been obtained by neglecting the higher order terms in the
expansion of the terms under the exponent by Chaudhary 217,
Juvekar (221 proposed a trigonometric profile for the gaseous
component A and B and obtained the expressions for the
enhancauent factors Eﬂ and Ppe+ In comparing the results

©f the approximate snalytical solutions with the numerical
solutions, Chaudhari nnd Doraiswamy (197 as well as Juvekar [22)
earlier uged the numerical solutions of Hoper et al 231

based on the penetration theéory. Gince, however, the approxi~-
mations are based on the film theory, it would be more reasonable
to compare their predictions with the numericeal solution obtained
from the film theory, Accordingly, in the present work, the
following approximations were compared with the numerical film

theory solutions at several values of Jil in the range 1 to 33

i] exponential g;ofile with all the terms retained
Lpresent work!;

[41] exponential profile with higher order terms reglected;
and

[111) trigonometrie profile.
The parameter values chosen ares

. = e D,
LBO = Coo = 0, QB/;A = 3, By = =l,m=n =1



ihe results of the comparison are presented in Table 2e1
it can be seen that approximmtion 1] is the most accurate in
'the entire range of /N studied, with ar aversge error of less
than 5. Approximation 141 is, inderstandably, the least
acceptable, while the trigonometrie approximation [111) is only
slightly inferior tc approximation (1], It 1s a reasonab le
eonelusion from thege observations that an exponential profile
approximates the actuasl situation remarkably well both for

simple and couplex gas-iiquid resctions,

2..3.1 m_-" 2 Mwm 2

llaving established the applicability of the proposed
profiles, particularly the @xponential profile with higher
order terms retained, it would be interesting to exaumine the
effects of different parameters on the behaviour of the complex

Scheme eonsidered, The variables involved are;
reaction orders Mm, n, Py S Py @', u and vlj
diffustvity ratios i rely

stoichiometrie coefficients o ") 3

B Vg

solublility ratio rc;,a;1; and

dimensionless rate groups 'H1, Ky, H31.

Jolutions were E¥nerated by varying the value of any one
Parameter with all other parameters fixed ang computing g,
and ﬁﬂ. The results of the computations for several situations
Conaidered are Summarised in Table 2,2, The @ffects of each
©f the parameters varied on P, and Py are shown in column A
and 5,respec31vel;.

33




2342 Special cnges

N

Several special cases can be obtained from the general
gsolution by imposing diffazant constraints. Thus the solubility
of B can be considerably bigher than that of Ay both A and
B may react in the liquid bulk, and different steps of the
reaction may occur in different regimes., Several such cnges
are sumanrised in Table 2.3 in which the simplified solutions
for each case as well @8 the conditions to be fulfilled are
given, along with some remarks pertaining to each emse. The
ehlorchydrination of ethylene, an industrially important system,
probably corresponds to special case [6) considered here, In
view of the industrial importance of this system it is discussed
in greater detail in Chapter 5 along with experimental data.

2.0 SUMMARY AND CONGILUSIONS

The simultaneous absorption of two gnses accompanied
by a complex resction of the type shown in [1), (11" and M1
provides the basic framework from which various special cases,
Ssny of them corresponding to industrisl reactions, can be
anslysed. In this chapter equations are developed for an
analysis of such a complex scheme bnsed on certain logical
fssunptions. Eguations have been developed for the enhancement
Of two gaseous reactants A ond B and mumerical solutions
are provided to gain a quantitative insight into the behaviour
of the system st different values of the absorption and resction
pParameters involved. In certain range of these values the

complex system degenerates into certain single systems that

¥



have already been considered earliier by several investigaters,
viz. resction of two gases between themselves, absorption
accompanied by a single first order irreversible remection with
the liquid phege resctant. Jhe numerical solutions also show
that the stoichiometric goefficients as well ngs the solubilities

of the gases can have a prefound influence en the enhancement.

ko,

fhus a ten-fold variation in the solubility ratio ="~ results

5
F

in an eightefold incresse in the enhancement of Be Simllarly
the effect of the stoichiometric coefficient of B (2,] on the
enhencenent of B is also quite significant. It has also been
observed‘tbgt the diffusivity ratio ¥y Ainfluonces the
énhancement of A significantly. On the other hand, the

ratio Yy influences ﬁB but has practically no effect on

’A' a rather unusual effect which has also been observed by

other investigators.

The general solution discussed above is based on the
assumption that -1l the resctions are complete in the film,
This assumption can be relaxed in several ways by postulating
that the three reactions involved oceour in one or more regimes
simultaneously. 3ix such special cases hrve been considered.
in the majority of cases the general solution is likely to
reduce to any of the agpecial cases mentioned, and this can be
easily verified by certain selected preliminary runs. The

analysis then not only becomes simpler but more realistiec.
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gaseous species A or concentretion of A at any
point in the liquid film, g mole/emd

effective gas-liquid interfacial area, cmzjcng

gaseous species B or concentration of B at any
point in the liquid film, g uolo/cn3

dimensionless concentration of B defined as B/P‘

liquid phase resctants or products or concentrations
of Cy Eor F at any point in liquid film, g mole/cn3

diffusivity of the 1‘“ species

dimensionless concentrations of £ and F, defined
as E/Eo and F/F,

Henry' s law solubility coefficient, g mole/em’ atm

My

% My
e r1-b°1+ﬂ.‘[li-ﬂ-;

My 9
%

o Hl. .i




general order reaction rate constents

pseudo m°?

order rate constant

gas-gide mass transfer coefficient, g mole/enz sec atm

diguid side mass transfer coefficient in absence of
chemical reaction, cm/sec

fractional hold up of liquid phase

orders of reaction with respect to various species

2 .
ZA b k1 B
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s
I:AZEA

Dy 2 ¥o

R
DAZFA

rate of absorption of the gaseous component at the
interface, g -ole/c|2 sec

Hl rate of sbsorption of the gaseous component per unit
volume of the liguid, g no:l.e/c-3 sec

' : Ay bkyCy
i | _ T

! | A % b ky By Fy
"'.T‘; a2 % 3’

defined by Dy/D,y DBo/Dyy Dg/Dys Bp/Dy

product species

f . - dimensionless distance defined as y/b
itk | distance in the direction of diffusion, cm

stoichiometric coefficient, subseript indicating
the species




film thickness, cins

. Vpr Yo defined by /%, Zo/Zyy Bg/Zys Zp/7,
1 Yge V3
i
¥ enhancement factor, subscript indicating the specles
| dubgeripts
Ll. * denotes the value of the concentration of a species
3 when the solution attains equilibrium with the gas
B i gas-liquid interface
o liquid bulk

G gas phase
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The simultenecus absorption of two gases in a liquid

with or without chemical resction is involved in many
industrially important processes and a sizeable amount of
{nforsation is aveilable in the literature on differemt
aspects of sbgorption of two gases. Kamachandran and Sharma
1] have reviewed the pertinent literature. Guidelines for
the selecticn of the best composition of gases to get the
maximum yield of the desired product are however lacking and
it is the purpose of this chapter to set puidelines for the
asbsorption of two gases whieh react between themselves., This
18 an industriaily important problem. Yor inetsnce ammonie

and carbon dioxide mre absorbed in water in the manufacture

of urea.

Selection of optimum parameters so as to gét the best
results is not a new hroblnn in the field of chemical engineering
and there sre many articles in the literature referring to ‘
optimal determinstion [2 - 71. Caleulus of variation or
dynamic programming metiods ave usually employed in seeking
solutions to this class of problems. Since maximizing the
yield oﬁ a desired product by suitably changlng the composition
of the gaseocus feed falls under the category of natural
variational problems (8] the method of variational caleulus
can be employed in solving the present problem. Balley 9

has used tiis approach in the case of gns-sclid reactions.
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The optimum linearisation method explained in Chapter 1 and
the approximate profile derived on the basis of a linear

resction rate are used here to obtain the solution.

A reaction of the type
Algl « 2B ([g] - Products

is considered. The gases A and B are assumed to react
between themselves in the presence of a liguid. Depending on
the solublilities and diffusivities of the components A and
B a certain concentration profile is developed in the film.
Two distinet cases are considered, viz. (1] solubility of A
is far greater than thet of 3 but their diffusivities
comparable, and (2] solubilities of A and B are comparable
butfthe diffusivity of A 4is far greater than that of B.

Gas film resistance is expected to be present for the transfer
of the species A and B since the gnses are present as a
mixture. In the general case it may so happen that the concen-
tration filuxes of A and B at the end of the film are not

in stoichiometric proportion. This represents sn accumulsation

-of one -of the components ir the bulk and suggests that the

components are hot fully utilised for the purpose of reaction.
The necessary condition for the maximum smount of reaction
between the resgtants would thus be that the flux of one
component at the end of the film is in stoichiometric
proportion with that of the other component. This constraint
has been used in the basic formulation of the problem pregented
in the next section.
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31 BASIC FORMULATION

Lot :ﬁg and ;hg be the concentrations of species A
, and B 1n the gas phase corresponding te their partiasl
' pressures p, and p, respectively. The mass balance

eguations for the species can be written ng

f B a®

A
"~
. 2y -;-;3- = ky Gy Gy | 3.1
- a® Cp
.| rh --——--d 3 = lk.l CACB [3.2]
. y

with the boundary conditions

ac, Ky %o %Bo as
M=o Dy = s 2 Eb ——— r3.u1
& ald n dy

where the boundary condition (3.4 has been dictated from

the consideration of maximum reaction.

-Let @ be the mole fraction of A 4in the bulk gas

phase, i.e.

CA‘ = 9§ C (3.5

c:BE = 1-0¢lC (3.6




where C represents the total concentrotion of the gas phase.

Bouations [3.17 « [3.4] can be transformed into dimensionless

form as

7 d2 v, .
| — ra.97
: T = n W, W 137
a® w :
r — = W W [3.8)
ree A Y .
) with
7 4w
\IAEﬂ = 8 =--
v th d: 1‘1
-at x =1
3 ok 1 9%
'B 1l = 'I—G-"—"
. ekt T L P [3.9)
4
é v, a Wy 2 ( ]
= rs = B [ w at x =0 10
d x d x o “Bo 3o

Equations [3.7] and [3.8" can be represented in terms of a
E single independent variable v defined by

1 aw, '
W, = 0 = -n®y (3,11
A = e
1 d W, ‘ n2 v
% 871 e o v ‘1'3.12]

ShB d x % = r




so that they can be transformed into

d2 4 d w,

e

v

1
2:(9— ""'""
d x 3hA d x e 1 _ ‘ hB ¢ x

with the transformed boundary conditions

vi1l] = o \ [3.14)

d v [0] "
s, - My Yo [3.95

The overall rate of reaction is equal to the rate of consumption
of species A, and is mxim&/men

dv
R B = {-3016]
a x xX=1
. is maximum with respect to 6. The optimum value of o for

) & set of values of other parsmeters [m, p, r, Sh, and Sh.]

. can be determined uaing the methods developed in the following
section,

3¢2 PARAMETRIC J

There are two methods available for obtaining the
. Optimun value of 0. In one method the basic Lguation [3.13]




is direetly integrated to obtain the concentration profile
and fiux. In view of the nonlinear eguation involved, however,
an aralytic solution is not possible here and sultsble approxi-
mation has to be made. In another approseh 9] an adjoint
variable 2 1s introduced in the basic equation and variation

in rate 1s computed for a small change in 6.

3+2.1 Yariational avproach

Introdueing the adjoint variable >, the bagie

Bguation [3.13] can be recast as

da v 1 ¢ v 2
x =t d x Shy, dx

1 a4 % n? v
(1 wEgs > ) d x (34171
b‘BB d x r

A small change in @ induces a correspondingly smell change

in ' and v and can be obtained from Equaticn [3.,17) thuss

»

1
: a s vix) a5 vix? 2R [v,0"
bR a - of?\[x‘\[ vy 89 »

+
d x d? 0

0

2R [v, 0]
5w d x (3.8

o v

)




1 9% nd v
v

X =1

(3.197

The first term under the integral sign in Equati

be integrated and the result rearranged to give

on 73,18 can

'. da s vn N d & v[o) d A[1)
‘ 8§ B m == (A[1) = 1) = A[0] - 5 w[1]
4 dx d x . dx

3R v,
+ MX) —— 56 d x [3.207
2
Q0

" If the adjoint veetor A is chosen to satisfy the

equation
a® alx) 0y 2R lvee) , s
+« A[x) =0 32
ax 3 v g

with the boundary conditions 2[1] = 1 and A0l = 0y then
Equation [3,19) can be written as




1
. e f ?\{Xl
L

0

O

Equations [3.21) and [3.227 car be evaluated numerically to
obtain the derivative of K and hence the optimum value of 6.

3e2.2 Qptimum lpearigation method

In obtaining an approximate solution to the problem

it is sssumed that the concentration of component B in the
film can be represented by a certain optimum value W,. Thus
Bquation [3.13)

d v, . 1 d v .2 v
x=1 ; M‘B dx x=1 ;

v 1
d x oh, d x

3.13]

and the error generated is given by

-nav)(1-a~-1-f-2 - -%)

1 A
'g.(e-—n--—- -
1 Sy d x 'y r

gh, dx,




This error is then made minimum
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" aifferentiating Equation [3.27) gives

d 1 - 8
— w0 = QA + B
duﬁ »
er
™ e (3.29])
=" - L !
‘s 2 A .
1 d v d 2
. 1 A 1 “p B v
2
v/ﬁ ( Shy 4 x ) ( Sh, & % # )
XK= X=1
E Q
v, =
1
d w
1 A
2(&--—- —mav)dx
8"1‘1’:-1
0
f3.30]

Equation [3,307 represents the optimum value of the concentration
of B 4in the film which when replaced for w, vill lead to

a minimum error. Using this optimum value of w,, Equation (3,13

can now be simplified and rearranged as

[3.317

o=t

1

x=1

@ v 2 ¢ 4w
- Shy dx

where

= /%



iy

The solution to this
is

;B cosh m, x
m 8h d x j‘ 1
S = o | i 1 X=1

cosh m,

The flux ean now be readily obtained as

' N
& T

*E Vo Vo ©

Thus for g—;} = 0, we got the optimun value of ¢ as

1 4w
@'3m ex




For the simple case r -~ @ , Equation [3,.30) simplifies

1 d

by
Shy dx

;B' 1=0 -

(3.35)

x=1

Substituting this equation in [3.34) and differentiatinyg with
respect to @ gives, for ¢ =0

1 9%
Sinh 2 m [ 1 = 0 = v

3
, Qw " ax ’
0 - » = 4 X
ah, d x
- - x=1 1 de
2n T = ) o ——
Jhb d x

x=1

1 4w a 9% |
2 4 — - — -39)!'3-36'!
Eba d x xut shB d x x=1

For ¢ =0, m = 3, and Shy = 8by = ¢ , Equation [3,36)
¢an be solved to give eopt a8 0.632. This asymptotic value
hag been obtained by Bailey [9] and is rederived here using
the approximate solution thus confirming its validity, o

opt

obtained as a function of Thiele modulus is plotted in

Figure 3.1. The asymptotic values lie between 0450 and 0.65,
For firite values of the gngs~liquid parameter p and

Shervood numbers, Zqustion [3.3%] can be differentiated to
give the optimum value of o.




" FIGURE 3-1: VARIATION OF OPTIMUM BULK PHASE COMPOSITION
3 AS A FUNCTION OF THIELE MODULUS FOR r —= @




3e2.3 Uge of an spproximnte profile

Equation 3.,13) is linearised here using the approximate

profile

m, X
v = a' cosh m, X = » e + o 3.7

repregsents an adjustable parsmeter and a', » and

wvhere Ia

@' are constants defined s

1 ;_b “a ab
R B - ' @ -
T eomom | -f
F Yo \("'Bo

I.

ab
2
Ba

dw,

d x

| A xg 1

1 9%

ShB d x

x=1 r3 0361

The flux at x = 1 48 obtained by differentiating Equation [3.37)

'a ab Be
= [%' 8 = -:_Z] m, tanh m, - B, b e [3.397
n
a



d v B, a b tanh m
—. s W, Ve © T.'tanhaa-ﬂ-

x=1

= 0, this reduces to

)tmh o,

x=1

)Q‘-‘“;,;; -

F3.417

The parameter =,  in Equations [3.38" = [3.41] can be

obtained by substituting the concentration profile (3.37) in

Lquation [3.13] and integrating twice to give

a' cosh B,

a b 2 a b
[V]mo = - "'"'-2 - m (h * r) l:——sl. - T. + 02 + “T
a




For the simple case of f = 0, this reduces to

. . > y.g], e
[v]xﬂ . - =3 - m (bqr) L-;E (1—00311!‘)-2}0:,
A
2 ac gin = 2 2 a'c' cosh m
- At | — s S o
[ ni {. ( 4 ni ) $ "2_ }}

[3.437

Vo ond W, appearing in the term b in Equation 3,427 can
be obtained from Equations [3.117, [3.127 and 3.37) at

X=0 as

[3444)

2
Voo = b—g— [a‘ -Db e c'] (345"

Equations [3.447 and [3.45) can be solved simultaneously to
get expliecit expressions for Yio and Voo 08

a~m®[a +¢])
Yo ™ 2
,_-'_?;‘.‘!an

Q- ol g e

™ |:b .2 ‘ ') 47
»;5—; - (a 40] = 0 (3477



For a given value of the Thiele modulus, dif fusivity

ratio and the gas-liquid parameter, Vo ond w, are

evaluated using Equations [3.46) and "3.47). ¥or known values

of gas film resistandes (in tems of the respective Sherwood

pnumbers’, the parameter m, can be evaluated from Equatien M3.u21,
The mass flux is then ecaleulated using Equation [3.397.

For the simple case when § =0 and no gas film

resistence {'ShA = 8hy =@ 1 the governing eguations can be
simplified considerably., Figure 3.2 shows a plot of the

rate ¥ as a function of compesition in the gas phase for
me= 3,0 =0, ShA = ‘%B' o o r=0s1s The rate is calculated

using Equation [3.k1:

abtlnhl' en-ﬂmh-‘rBM

E =

A close inspection of Equation 3,417 indicates that
the rate becomes zero both for ¢ =0 and ¢ =1, This can be

easlily understood since no renction can occur in absence of

either one of the components, For a certain valueof € [0 <@ ¢ 1
the rate goes through s maximum and this optimum @& depends
on the value eof the parameter o . For the cnse wvhen diffusivity

of one of the components, say A, is far groater than B, the
physical situation corresponds t0 a cage where A 1s diffusing

much faster and thus has » larger concentration in the bulk

than component B.  Having the reactants in stoichiometrie
amounts will thus entalil improper utilisation of the reactants.

Cn the other hand if the concentration of 5§ 4is increased in
the gas phase, a higher concentration gradient is provided
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FIGURE 3-2: DEPENDENCE OF REACTION RATE ON
COMPOSITION IN THE BULK FLUID PHASE




for the speciss B, thus overcoming partly the limitation

dus to lower diffusivity value, Thus physical arguments
suggest that a lower value of @ [lower than the stolchiometrie
amount’ will improve the total yield of the reaction., This is
clearly seen from the figure, where maximum rate is obtained
at ¢ = O The approximate results obtained here are
compared with the numerical solution in Figure 3.2 and ghows
the reasonable neccouracy of the approximation. For a set of
values of other parameters the Squations developed in this

section can be used to compute the optimum value of o,

33 CONCLUSIONS

The results obtained using two different approximations
suggest three andditional parawmeters to be considered in the
analysis of gas-liquid resctions. The gas-liquid resctions
thus present a more general situstion and the results for
gas-s0lid reactions can be extracted from it under appropriate
limiting conditions.

In the .dnign of gao-nguid contactors, a knowledge
of the optimum composition of the feed seems essential and
the present investigation provides the expressions to
calculate it under varied processing conditions.
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interfacial area, uajcn:’

congtants defined by Equation [3,.38)

§as phase reactants; constents defined by Equation f3.28)

concentration of A, B, g aola/on3
concentration of gases in the bulk, g mole/em’

total concentration of gas phase g noh/eu3;
constant defined by Equation [3.28)

diffusivity of species A and 3 4n liquid, em?/sec
integral defined by Equation [3.25)
rate constant, c.’/g mole gee

k n-1
Thiele modulus & \/ 'D'l c:
A

NG
adjustable parameter defined by Equation [3.37)

rate of resction, g mole/em’ sec

defined by Equation [3,19)
Shervood number
coneentration variable defined by Equation [3.1 1

dimensionless concentration of A and B species




optimun dimengionless concentration of B

dimensionless distance

distance parameter, cm

stoichicmetric coefficient

Lreek symbols

dimengionless parameter defined as -1-5

film thicknessy difference operator

mole fraction of A 4in the bulk gas

dﬁ'rﬁs ivity ratio

adjoint variable

error

conditions at the interface

condition in the bulk

for the species A or B
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In the analysis of chemical reactions occurring in

fiuid-fiuid and fluid-solid systems, two entirely different

approaches have been employed., In the case of fluld-fluid
| reactions, particularly gas-liquid reactions, it is customary
to regard chemical reaction as an agcelerator of the absorption
process and to define an enbancement factor which is the ratio
of the absorption rate with chemical resction to that under
conditions of &o reaction, On the other hand, for fluid-sclid
reactions, particularly solid catalysed gas phase reactions,
chemical reaction is regarded as the main process with diffusion
acting as a retarding influencej thus an effectiveness factor
is defined which is the ratio of chenmical reaction in the
presence of diffusion to that in the absence of any diffusional
effect.

As long as one 1s designing an equipment with the object
of carrying out a chemical reaction in it, it is logieal to
regard chomical reaction as the principal process. Thus,
irrespective of the type of system employed vis., gas-liguid,
gas-solid catalytie, gas-sclid nonemtalytie, liguid-liquid, ete.),
it seems reasonable to use a single concept of the effectiveness
factor as a common means of accounting for diffusion. 7This
ccneept has been widely employed for gas-solid catslytic and

gas-gsolid noncatalytic systems, but there are very few reported




attempts to extend it to other systems, Hony [17 applied it
to a simple gas-liquid catalysed system and Shah and Kenney [2)

to another simple reaction scheme. A general analysis similar

to that for gns-solid systems is still lacking, and it 4s the
purpose of this chapter to present an analysis of gas-liquid

systems in terms of the effectiveneas factor and to propose

methods of delineating the controlling regimes baged on this

concept,

Based on the fila theory four distinct regimes ean be
identified in gas-liquid reaction: [1] very slow reaction where
the reaction occurs entirely in the bulk; (2] slow reaction
where there is » diffusional resistance in the film but the
reaction still oceurs only in the bulks (3] the reaction is
complete in the film, and 47 the reaction is so fast that the
active species from the liquid diffuses partly inte the film
and the reaction occurs on a plane within the film, In the
first case the reaction is completely kinetically controlled,
in the second diffusion controlled, in the third contrelled
both by diffusion and chemical reaction, and in the fourth

instantanecus,

In Section 4.1 of this chapter, the concept of the
effectiveness facteor is applied to the analysis of a simple
first order irreversible isothermal reaction. Two cases,

A viz. [1] reaction confined to the bulk with film diffusion
controlling,and [2] reaction occurring both in the film snd

the bulk, are considered. Case [17 corresponds to regime [ 21
and case [2] to the regime between [2) and [3), The trostment




is then extended to complex reaction schemes. The analysis

of consecutive snd parallel resction schemes 1s presented in
gection 4,2, and the case of a general order resction and of
nonisothermal gns-abgorption is considered in Sections Le3 and
LM respectively. As with the simple reaction, in the analysis
of these complex resctions the object is to show that the
gns-liquid system provides a gereral framework within which

" the gns-solid catalytic reaction fits under certain conditiens.

Although the application of this concept %o gas-liquid
reasctions has been hinted in the book by Astarita [37, the
present investigation provides pernaps the first coamprehensive
analysis of the effectiveness factor concept as applied to
gas-liquid reactions. In view of the work being done in this
laboratory on gas-solid ecatalytic and roncatalytic reactions
as well as on gas-liguid reactions, the use of a generalised
approach based on a single coneept - the effectiveness factor -
arogse as a distinct possibility.

Two dimensionlegs parameters ¢ and o are defined
in this work to generalise the concept of effectiveness factor
to gas-solid as well as gas-liguid reactions. The parameter £

defined as the ratio of the area per unit volume in the film rv/s

to that in the bulk lal 4s a measure of the participation of
bulk in the overall process. For simple isothermal reactions

this parameter is adeguate to generalise the concept of effective-

ness factor to gas-solid and gase-liquid reactions. 7The

dimensionless parameter © defined as a surface reaction modulus

is a meagure of the contribution to the total resction at the

interface and together with parameter ¢, generalises the



concept of the effectiveness factor to nonisothermal ges-solid

and gas-liquid system as well,

The chief objective of an analysis of this kind 1is

to

enable the deteralnation of the true kinetic parameters of a

rencticon as well as to predict the performance of industrial

contactors under specific conditions of operation.

This regime is charscterised by a pure diffusiennal

resistance in the film, with reaction confined exelusively

to the bulk, The reaction is not so fast as to cecur in the

filn simultaneously wvith diffusion, but is fast enough to
of fer less reaistance than pure diffusion in the fila, Th

concentration gradients for this regime are shown in Figure k,1a.

Considering the reaction
A = Products

the follovwing mass balance equation can be written for As

-kL E"}: - CA;[

da CA

-DA

ay y=b

or, in dimensionless form,

d w,

¢ x

[4e1]

(4,21
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FIGURE 4-1a. CONCENTRATION PROFILES IN THE FILM:
DIFFUSIONAL RESISTANCE
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*™Ca0

FIGURE 4-1b: CONCENTRATION PROFILES IN THE FILM:
3 -- PART OF REACTION IN FILM AND
~ REST IN BULK




vhere

From Equation k.1

¢ w,

UM=1+

d x 2z = 9

The rate of reaction in the bulk is given by

-

. ‘“ d w,
¢ = c 1+
B 1 “A 4=

or

X =1

(4 e8)

(4.6}

H : may be evaluated in terms of a Thiele modulus m

and another dimensionless nusber obtained from the equality

ac, ky Cho

¥ N a

In dimensionless form, this can be written as

&
4% lxa=1 - . .
where

(471

(4.8)

[4e9]




.nd represents the ratio of the volume per unit ares of the
bulk [1/a] to the volume per unit area of the £1lm {5).

Substitution of Equation (4,8 in M4,6) leads to

pomky Gy (10w p oy )
= k "'-r na-"‘ [4e10)
1 “a B ’ LY
or
ky O
T B ———— (hat1)
1+ .2 £

The rate of reaction in the absence of any diffusional resistance
vill be given by k, C, ; hence the follewing expression for the
effectiveness factor can be written:

ky Cp .
= =

fh12)
ke Op [1omfp) 1 en?p

From Equation [4.12] 1t can be seen that the effectiveness |
factor is not only a function of the modulus = but also of
the dimensionless ratio ¢, Since this analysis is restricted
to control by pure diffusicn in the film and 1t 19 assumed
that chenmical resction is reasonably fast, the e¢ffectivencss
factor should necessarily be less then one., This can happen
only when ¢ has a finite values For a value of ¢ close to
%0ro [viz. the interfacial area a - « 7, the physical
situation wuld be that no idquid bulk exists. This situstion
is clearly impossible, which alse upholds the absurdity of n




becoming equal to unity in the diffusion regime., Thus
Equation [4.12) is strictly valid only up to a eertain finite
value of F. If, as in the cage of catalytic reactions, it 1s
stipulated that the reaction can be assumed to be diffusion
influenced 1f ™ 18 < 0.95, the following condition can be
written for the applicability of Bquation [k,12);

< 0495

< 0«05

T 18 plotted as a function of the modulus m for
various values of [ in Figure 4.2, For ¢ equal to zero,
i.¢. wvhen the interfacisl area a tends to infinity, practi-
eally no liquid bulk exists, and hence for a system under
diffusion control no resction can occur,

Y242 feaction both ip the film snd bulk

Let us now consider the more general case where a part
of the reaction oceurs in the film and the rest in the bulk,
The concentration profile for this situation will be as shown

in Figure 4,1b, This should be distinguished from regime 3
in which the reaction is complete in the film, The situation

Gonsidered is thus a more general one which reduces to regime 3
when there is no reaction in the bulk, In the present analysis
& simple irreversible first-order reaction will first be
Gonsidered and the treatament then extended to a complex
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resction in Section 4,3,

Considering a first-order isotheramal reaction, the

mass balance equation is given by

2 .

d CA _

DA ""'-—:-—- - k1 Cp Mha1l)
ay

The initiel and final boundary conditions are:

C,=Chy ym=o [ke15a)

ac, ks Cao

d y y =5 a

Eoundary condition [h,15b) represent the mass flux at y = &
plane [end of filn] equated to thot consumed in the bulk, In
other words, 1t represents the kinetie boundary condition and
1s appliceble both to the film and the bulk. The ususl
Danckwerts boundary eondition, which demands that the flux be
2ero, is not applicable in thigs ¢ase, This constitutes the
major difference between solid catalysed zas phase reactions
and gas-liguid resctions. In the former the entire reaction
is completed in the solid [1.e. the 'filn') and there is thus
neither a positive nor negative flux at the end of the pore,

, ¥Viz, {-;A = 0« There i3 no such restriction in the genperal
kinetic boundary condition represented by (41507,

Equations [4,14) and [4,15) ean be written in dimension-

less form as




w, = 1,x=0 (4 417a)

= 0?p w, . 170)
x =1 '

Equation [%,15) may be solved through boundary condition The17]
to give the following equation for the concentration profile:

- m§ Vi [sinh mx) + cosh m [1 - x)
[4418]

w =
A cosh m

The total mass flux at x = 0 4is then calculated as

A
a0, B, Cp 2§ W, ,
«D = ¢+ mtanh m rl‘o19]

A
d x = o0 b cosh m

Equation [4,19] represents the total mass flux consuned
by reaction in the film plus that in the bulk. The total
resction fiux under ideal conditions [i.e. with no diffusional
{nfluence] will be given by reaction cecurring in the film
[usually & very small quantity) plus the reaction occurring

@ in the bulk: |
&
Ky Gy

r, = k10‘6 +




In writing Equation (4,207, the assumption has been mode that

at the film-bulk interface the conditions existing in the bulk
and the film are both operative., Actually in the kinetic regime
the only difference between the two is in respect of the area
avallable for the reaction, the concentration of A in both
being equal to C, [as there is no diffusionsl resistance),

In reality, in a situation of this kind, the film can be
ignored. But in order to maintain similarity with the develop-
ments that follow, the total intrinsic reaction is hypothetically
divided into film and bulk contributions.

The effectivenoss factor for the system is given by

M = +« @ tanh m M4e21

I}A c;a I2F Yio
cosh m

5k C, fas«1]

1 [ P v tanh
Tl-

1+¢ cosh m m

Yio! the dimensionless concentration in the bulk, may be
expressed in terms of the modulus m using Equation Mk,18)
with the condition that at x = 1, W, = L/ Thus:

v =
Ao coshm | 1+mf tanh m

Substituting Bquation [4,237 in Equation [k.227

1 i £ tanh =
N = ‘ 3 . jlr‘t.z'c"
1+f | [eoshm]l® (1 + mp tanh m) n




This equation is plotted in Figure 4.3, and the main
features of the plot are discussed in the section on Controlling

Hegimes,

“e2.3 Controlling regimes

An examination of Figure 4.4 brings out some interesting
features, based on which certain generalised conclusions can be
drawn with respeet to regimes 1, 2 and 3,

In preparing this plot for gas-liquid resctions, the
effectiveness ractor T 48 plotted against the modulus m for
various values of the parameter f with the curve for ¢ =0
representing the upper bound, Three separate regions A, B and
C representing the fast reaction regime [regime 31, regime
between 2 and 3, and the diffusion regime (regime 2) can be
identifieds The upper and lower bounds for a diffusion contro-
1led reaction to occur in the bulk [regime 20 can be fixed
from the following considerations.

ot us take the curves fory say, f = 1, The upper curve
represents the cage where a part or whole of the reaction occurs
in the film [regimes 2 and 31, while the lower curve represents
the case where there is a pure diffusional resistance and the
reaction is confined to the bulk [regime 21, P represents
the point of separation between these curves, and the locus
©f all such points at various values of ¢ will give the upper
bound above which the resction is in the diffusional regime,
and below which a part of the reaction occurs in the film also,
For fixing the lower bound for reaction to cecur in the bulk,
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let us consider the point Q which represents the highest

value of the modulus m for ¢ = 1 above which the pure
diffusion regime cannot exist. Thus for any value of m greater
than this the reaction cannot oceur in the bulk, and the locus
of points ( for different vaiues of ¢ will represent the
lower bound below which the reaction cannot oceur in the bulk
but must remain confined to the filnm,

For a given value of =m therefore the r.ogion A
represents the fagt resction regime where only the film is
involved. The region B represents the case where o part of
the reaction ocours 1r1x:hf?11n and the rest in the bulk, The
region C represents the case where only édiffusion in the
film 1s predominant and the reaction occurs wholly in the bulk,
The region 0,95 < Tl € 1.0 represent the kinetie reginme,

These various regimes are clearly brought out in Figure Yef,

Having defined the regions A, B and C, some interesting
conclusions can be drawn from a study of these reglons.

(1] For a given value of m several values of the
effectiveness factor T\ are possible depending on the value of p.
The value of M| also determines the regime in which the reaction
ocours. For m= 1, for instance, if T 18 less than 0,12
the reaction occurs in regime 3, If M is between 0,12 and
0«55 the reaction oceurs in & region between regimes 2 and 3.

For m between 0455 and 1,0 regime 2 alone is involved, It
will thus be noticed that for the same value of m several
regimes of control are possible. This 1s distinetly different

from solid catalysed reactions where a unique value of o | exists




for a given value of m, If an snalogy is to be drawn between ‘ ‘!i-:
gas-liqpid and gas-solid catalytic reactions, it can be stated
that any diffusional limitation in the latter will always place r
it in yegime 3¢ This 1s so since there is rothing like a H |
"bulk" in catalytic reactions and the reaction must be ’

|

T

confined to the catalyst which may be regarded as eguivalent
to the 'filn' in gas-liquid reactions. It is interesting to
rote that for the case where the resction is complete in the ’
filn (a situstion smalogous to that for catalytic reactions)
the effectiveness factor for e gas-liguid resction is very Hil
much lower than for a catalytie remction, being represented
by a point in region A, | il

[2] If experiments are carried out in an equipment for i
which the interfacial ares of contact a 4s known, then ¢ il
can be estimated and the rate constant of the reaction determined
as follows. The effectiveness factor is first determined by i
earrying out the reaction under a given set of conditions and il
then under conditions where the diffusional resistance has il
been eliminated, so that |

[reaction under actual experimental conditions

(reaction upder conditions of no diffusional \|
resistance! i

From this value of v and the known value of § the regime of
centrol is determined from Figure L., and the value of = also
obtained, from which the rate constant k can be extracted. il

r3] In view of the fact that the upper bound for regime 3 |




107d H010V4 SS3IN3AILIIF443 NV NO SNOI93Y
1ONILSIQ SV S3nI93y ONITTTOHINOD 40 NOILlDId3A S b Jdn9l4

-0

NS ‘/,7//,4%,
£ 3WIOIY

Ly

NN

NN ;35:*«?.‘
NN

N
Ny

MRV

N N
N

N

O

W)

S-0

% NN NS ~, \, R s N ¥
4 S N NONONAON NN N
\'-\ o i R T e R
WNNG vyl ARSI "O\N X

\\
NN

N
\\‘\

1




91

is much lower then for regime 2, it night appear that the
effectiveness factor for regime 3 sheuld alvays be less than
for regime 2 or for the region between regimes 2 and 3, Thus
ean havé 2 value as high as about 0.16 for m = 3 in regime 3
while for values of m less than 3 it will be lover than Q.16
in regimes 2-3,

(4] It may elso be noted from the figure that for a value
of M less than thst represented by the point Y, the controllins
regime passes from regime 2 to 2-3 and back to regime 2 as the
value of m 4is increased.

(5] The varicus points listed above bring out the fact
that in gas~liquid reactions what 1s involved is the region
bounded by the effectiveness factor and modulus axes on twe
gides and by the plot for § =0 on the third. This region
Tepresents a number of regimes and the value of n depends on
the regime in which the reaction is occurring. As against this
surface based effectiveness factor for gas-liquid reactions,
that for a solid catalysed reaction is determined by a line,
The curve =0 indeed represents the effectiveness factor for
e gas-solid catalytic reaction as can be verified frem the
fact that Equation [4.24] with § = 0 reduces to

Qe tanh m rh,29)

rhu equation 1s clearly the effectiveness factor equation for

a slab. Thus the concept of the effectiveness factor as
applied to gas-liiquid reactions is considerably more compli-
cated and 1s expressed in terms of a region instead of » line,




bedet sopsscutive resctions

A firsteorder consecutive chenical reaction of the
dissolved gaseous species A in a liquid B 1s considered
here in order to bring out the applicability of the effectiveness
factor concept to gas absorption folleowed by a eomplex remetion.
Thus, for the scheme

A——a B —— o c

the fellowing differentisl mass balance can be written for
@aeh species:
¢ c,
. = ke (4 ,26)

a? Gy
D w— ~ky G, + k, G [4a27]
ay?

vith the boundary conditions:

’CA = CA
at y = 0, and [‘.0281
S = G
d ¥ y = 3 a
] [“029]
. ‘% %2 %o %1 Cro
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These equations can be arranged in dimensionless
the transformation

form using

Vg ® = , 1 species A, B [4.30)
a
ZDi Cy
whieh reduces to W, = u,,, where only A 413 involved.
Ca
Thus
| — e alv (b3t
a x?
and
da w,
SEse—— -l12 'A + lg 'B “'-321
d
with the boundary conditions ag
- L]
- % %a % Cp
: HA = = B % = o s At x =0 [1"033]
' /3 D:I. C" z Di C" .
., 2 % 2 2 |
gy " P Vpor - e = [m vyg-m Vgo!f [4e3W)
X =1 X =1

where in writing Equations[4.29) and [he34] the kinetie boundary

conditior explained earlier in Seection 4+2.2 has been used,

Squation [4,31] under boundary conditions (44337 and




(5347 can be solved to get the concentration profile for A as

Dy Gy cosh m, (1 - x}
HAII'

e -
b f
i

uy f Wy, sinh my x N

cosh oy

With this concentration profile, Equation (4,327 becomes

%

cosh m1

2 a . .
4% wy 2| "aC coshm [1-x] mpw, siohax .
ll-n1 o + 0
d xa | ZD1 ci cosh ty cosh iy

[k,36"
This is a second-order differential equation, which can be

solved to get the concentration profile for the species B:

m,X -H,X n% P L/ sinh m, X
VW = ¢, @ +

+ e, -
-f = .f cosh m,
m? D, C, cosh m, [1 - x!
1 A TA 1 '
) -uf p, 0} -
or
2
e o -
Wy = e, e +ey @ - : v, T44377
o Rl

2

The constants ¢y. and €, can be determined using the boundary
conditions [4,33] and (4,34 to give




- “c. B]
| A w1 m, cosh m, F£a1 A ’
where
S
A = == ! n”¢391
: n,

From Equations [4,35) and 4,361, the ratio of the
rates of production of B and reaction of A ean be obtained
asg

a4 %

b et

d x

X=0 rate of production of B '
= u 7 rl‘."lo.'
rate of consumptionof A

dvA

L 4 | o dx

X =0

Hence

F 1
| £ o 2 - R e I
ﬂa tanh l2 (v; - Z','_-:T \i; )+ m?(wBo & 'lo) A1 .12"”&0 cos -2 . '
= - I

2
By P Yo

ooahn.1

Il.l-t‘.lnhl‘v;-o-

A'.L.

A -1

LR

*

For the case where the reaction of both B and A is




complete in the film, Vo and Vao 87 TO, TFurther m,
and u, being high [for a fast reaction] tanh m, and
tarh B, approach unity. Thus

™

s

A+ 1 »
Awy

My A0

Bquation [4,42) 1s the well known equation for a firsteorder
consecutive reaction scheme in an isothermal catalyst where
the reaction is considered to be complete in the 'file', Thus
Equation [4.41] represents the most general solution for a

first-order consecutive chemical reaction under isothermal
conditions,

ke3.2 Parallel reactions

The effectiveness factor concept can also be used to
define the selectivity of a product in a parallel reasction
scheme in gas-liquid reactions. let us consider a general

pth qth order reaction

¢
The mass balance equation for this scheme my be written as

2
Bt 4 oy [l 443
I)A"—'-—--k1CA "'kz“A [4e43
d ya

with the initial snd final boundary conditions

F




ac
A P @] -

Equation T4.bid) represents the kinetic boundary condition
explained earlier,

Equation [L,43] can be integrated once to give

d :ﬁ 4 2 k1 p¢1 p¢1 ka q+1 q¢1 )
W = . A - hs’;O ) -* E——— CA - JAO -

2 2
(1)k . K, C) ) Flobs)
& Dﬁ [ 1 “Ao Ao] .

which, in démensionless form, becomes

p+1 pel qd Q¢1 -
o e = a n &
d x P+ 1 q e« 2
LT
k a Do
vhere me= 8 JL* represents the usual Thiele modulus
for p"'h order rtaetion,’anﬂ
s Q1
ky Cp
- ratio of the true rates of resction P
* 4
ky Gy
G+1
k., C
2 “Ao
M° = ratio of the rates of reaction in the bulk =1
el




The effectiveness factor is given by

n a ¢,
--[A e ——
dy
n = —r My 470
_ b *q
[ﬁ1 Gy +kp 0, :}(& +5)
. or, in dimensionless foram, by
d v,
d x
X =0
2 (14 ) [1 ¢ 4™
where
pery qe1 P D1
(l\ulrﬂ [(1-&1‘0) H| ﬁ-onj (mr Uﬁog'ld‘[ ) 2
—— - 3 m +* -
. d x X =0 1 P+ 1 qQ+1 2
!,'
! ;‘
v The selectivity for the component B can then be obtained
88 the rotio of the rate of formation of ® to the actual
g, Fate of consumption of A
i JJ
| p ke, C
. 6 ¥ Cax.—l e
i = : (44501
» . 1
[k‘l Ca 4k1 u‘_](‘ +6)
OF in dimensionless form
1 »p P
' f Vpdxep v
i = rl’051]

(1«0 [ o« 1)




For the specific case when § =0 BEquation [V.51)
reduces to

,
I8
A

(1 + 0

which is the equation for a gas-solid eatalytic resction

-derived recently by foberts [4]. Thus Equation 4,51) 48 of

the correct form and represents the situation for the more
general case where { has finite positive values.

For specific orders lp, ql] Bquation (k.49 can be cast
into standard foms of integration and evaluated to obtain
the concentration profile, Hquations [4,48) and [4.51) ecan
then be used to calculate the effectiveness factor and selecti-
vity of the remction. The procedure is similar to that
followed in the case of gas-solid reactions (W) and 1is not
repeated here. The important point to stress here is that by
changing the usual Danckwerts Boundary condition at the end

of the film by the kinetie boundary condition MEquation 4, M4b)
it 1s possible to derive an expression for gas-iiqguid reactions
of which gas-sclid reactions [flat plate geometry) constitute

a special case [f = 0)s Thus it seems reasonable to use the
single concept of effectiveness factor irrespective of the

type of system involved to represent the gselectivity in the
case of parallel reactions also. Onda et al 5] amalysed

this system in terms of the enhancement factor usually employed
tor gas-liquid reactions. '




EErs

The concept of the effectiveness factor, comsonly used

in gas-solid catalytic and noncatalytic reactions to asccount

for the effect of diffusion, was extended in earlier sections

to include gas-liquid reasctions with first order kinetics.
th

In the present analysis a general n"" order reaction is

considered using the same parameter | defined earlier te

represent the relative contributions to the resction from the
bulk and the film. The effectiveness factor expression for
an nt'b order isothermal gas-solid catalytic resotion obtsined
by Mehta and Aris [6] is shown to be a special case of this

more general analysis by letting ¢ tend to 2ero, which

represents the condition where the bulk may be regarded asg

nonexistent. This case is analogous to gas-s30lid catalytie

reactions where the reaction is essentially complete within
the catalyst (regarded as 'filw' in gas-liguid resctions).

ist us consider a gystem in which gas A 1s sbsorbed
in a liquid and is consumed acecording to a general nth order

reaction, The mass balance equation for A e¢an then be

written as

2 ,
d Ca n

D
A
dya
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with the boundary conditions

Ca=C, y, y=o0 [4e5ka?
n
d Gy k1 Cno
-D_A. Se— GR e—— at y =4 nl.slﬂﬂ
dy a

Squation [4,54b) represents the kinetic boundary condition
‘explaimd earlier,

Equations [4,53] and 4,547 can be rendered dimensicnless
to give

2

a* w, S a -

e = a'y T4e55)

¢ x*

“W = 1, x=0 (445601
d v . n A

R N e

o = a"fw,, x=1 [he56b)

.k.l et

where m 413 the usual Thiele modulus & = CA s AaRd p
-l-'-&

is the ratioc of the area Per unit volume in the film to that

in the liguid bulk and is given by

fom ot (4497
ahb

This parameter provides the bridge between gas-solid catalytie
and gas-liquid resctions as explained earlier, It may be noted

that the definitiono of f 18 based on unit volume of the
bulk exclusive of the film volume, This has been done primarily




in the interest of mathematical simplicity, dut it is slso
possible to base the definition of ¢ on the total volume of
the bulk end the film, The two definitions are related by

the expresaion:
[he57]

is now based on the total volume.

Since a pwe gas A 1s congidered for analysis the
£as phase resistance to the transfer of the species has been
assumed to be negligible in writing the conservation eguation.

Equation 4,557 can be integrated once with the boundary
conditions (4,56) to give

/2
d w 2

A [ n+1 n+1 n+ 1 ( n . 1/2;1. 53]
= n w - W + arwv ™
d x (ll + 1) A Ao 2 Ao):l

Further integration of Eguation [4.58) leeads to

s 1
2 /2 n+1 nst 0+ 1 n 2y

2
n -(;-—:—;) Vv, =W, * T (u £ vﬁ‘,) ] Aw, (4.591
Va0
Defining now a new concentration variable

an

n+1 e

Yio . n+1 P Y \

- \P = 1 = ( 3 ) L 2 n‘-i ch.w,
A U‘

Equation [4%.597 may be transformed to




1-p
2 Ve Bl ma 1, , 2p \2MeT)
H = (""'_"—) S —— (HAO - eateae Y8 on )
n+ 1 n«+ 1 2

¥

f - e % - Feay
UW‘" @-v) ey = [0 L) c«ﬁ]

(h,61)
The integrals on the R.Ji.3. of Bquation (4,61] are incomplete

f functions which c¢an be expeanded in terms of the hypergeo-
metric series and rearranged to give

-V = 2T
(afr)1 s (1-9) o

UA=

M| T DUE S WYL BT AR R WYy

Equation [4.62] represents the concentration in terms of the
defined variable V)

For the specific case when ¢ 4is equal to zero, We
also becomes mero and Equation (44617 reduces to

2

@) e Gy B T

UA = 1 ; l'*i.631
b demridag

This expression has been obtained by Mehta and Arig (6] for

the case of an nt'h oerder gas-solid catalytic reaction and is

¢learly a special case of the more genersl equation for gzase
iiquid systems considered in the pregsent secotion.




bobo2 Generalized effectliveness factors

The effectiveness factor V1 ©¢an now be defined as

d ¢
e x4l 1 d w,
= (&, 64
k1::;(-.1+5) na[;’+1'! dx‘x-=o

wvhere the reaction flux in the absence of diffusion is bypothe-

tically divided into contributions from the film and the bulk.
Waen combined with Ecuation (4,581 this becomes

2
n+1 ne+1 2 n+ 1
Va0 """,:‘" ('» 'Ao) '1""12 n? [1 + ) —;—- (44657

An expression for T ean now be derived by comparing the
above equation with Ecuation [h,62) written for the surface
coneentration [w, = 17, 1,e,

1 ' 1/2
"2;'?":"("“@) [VJ Py (B xﬁ?'%'%)

- - ~ =ps+3
' e e b T E T W

4,661

Yo

Thuss
2 2 n + 1
Cy = 1= 'rl n” [1 «9) gy (4.6
The tera €4 in this equation Wefined by Equation (4,66
contains the Quantities t,u, and Vet These can be expressed




in terms of the modulus m using Equation [%,607:

n+1 l‘l+1 2 2 al

1« ¢, = Yae = . BT P Wy and
n+ 1 - n=-1
ch - p u‘! f’z 'AO ["-w]

‘whare Vo can be obtained from Equation [4.62) at x = 1.

For known values of ¢, and ¢, Equation [ho67)
can be written as

1
2 M1 =-¢,) i

"]_ = (" 169.‘

nd S 1']2 n + 1)

This equation repregents a complete generalisation of the case
considered in an earlier section. The wvalue of the effectiveness
factor can be obtained for a resction of any order n from
Equation [4.69) for a given value of the gas-liquid parameter ¢
by first estimating the concentration variables ¢, and ¢,
from Equation [4,68] and caleulating C, from Equation (h.661.

Figure 4.6 shows a graphical representation of Equation
[4e69) as plots of v yg¢ m for four specific values of ¢,
viz. 0, 2, 5 and 10, and for three reaction orders, sero, first
and second. It will be noticed that the curves for all the
three orders tend to be displaced towards the right with
decreasing f. For f =0 the curves for the three orders
coincide completely with those for reaction in a catalyst slab.
Thus, as already pointed out in Section k.2, at ¢ =0 there is

~
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no bulk and the resction 1s confimed to the film, which in the
case of a catalytic resction is the catalyst slab,

The importance of Equation [4.69] lies in the fset that
4t further generalises the rigorous eguation of Mehta and
Aris [§] for remction in a siad which is

2 (-]
by » [ g :| (he70]
where
iy a0 e
e nbdednhe | o« ()

(71

and is applicable to gas-solid catalytic as well as ges-liquid
systems., Conclusions regarding the occurrence of a reaction
exclusively in the bulk or film or in both can be drawn by a
procedure similar to that deseribed earlier.

hek.3 Asymptotic solution

In the asymptotic region the temm Cqy of Equation (k.89
can usually be neglected, resulting in the following simplified
equation for the effectiveness faetor:

1
'r]_ = 172— [4,72)

nl'1+ﬂ(n;1>

This may be compared with Fetersen's solution 7] for a




reaction of general order in a slab:

Vi

‘T\ - = M -73]

where A = 2, 1 and 2/3 for a gzero, first and second order
reaction. It msay be noticed that the effectiveness factor
equation for the gas-liguid reasction reduces to that for the
slab vhen [ = 0.

For first order kinetics the equation for the gas-liguid
reaction ist v = 1/m [¢f + 1. This was derived in earlier
section specifically for a simplified gas-liquid gystem involving
first order kineties, which reduces to the well known equation,

- M = 1/m, for a catalyst slab.

“ohob Extension to packed or bubble columna

In many industrial packed or bubble column reactors the
residence time of the liquid phase in the reactor is finite,
so that the boundary condition [4.54b7 should be corrected for
the material leaving in the effluent stream, If { represents
the liquid holdup, then Equation 4,54b) becomes
‘0, Ky Cpo 4 %

+ -
dy y =5 " {n+i‘7

-DA

M o7W)
A similar boundary condition has been employed by Hoffmen et sl
[61. Boundary condition [h,747 can be recest in dimensionlesgs

iform as




e g T [4475]
= f on + e “'Ao .
d x —— 1T«¢

Using boundary condition [4,75] in place of k.51 to
calculate the effectiveness factor, the following expression

recultl:‘
2
1 n+l  net n - f 'Ao)
= - 1=-w & =y P Y $ w— 0
&) ' /e ‘g 2( o T Qe &
arpor(i1)
[4,76)

which can be rearranged to the form of Pquation M4.69) with the
following modified expressions for the concentration variables:

2
: nsl B+ 1 n P Ya0 -
1 Ao 2 Ao 140 a »

&

2
na+1 n r Y0 ) / 1
 ——— m F W b ——— e e e—— rh .76]
Yo 2 "M tep m wAI i;'

Equation (4.,76] represents the general solution for the
effectiveness factor in a packed or bubble column reactor

involving a gas-liquid reacting gysten. 3Since the very nature

©of these columns demands a finite residence time, Cy cannot be

zero and asymptotic solution is not possible. Thus the

* Convective terms have not been included here for the
sake of simplicity and also because our object 1is
primarily to show the efrfect of rinite residence time.
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effectiveness factor will now be a function not only of the
gns-liquid paremeter [ but also of the time & and the

concentration in the bulk.

In view of the large number of

parameters involved, graphiecal representation of this equation

is not justified, Values of the effectiveness factor can be

readily computed for specific values of a system. Equaticn [4,76)

assumes the asymptotic form of Equetion (%.72) for large
residence times of the liquid.

bV ECTIVENE S FACTONS UNDER
NONISOTHERMAL CORDITIONS

In the present section the analysis is extended to a

general nonisothermal resction with the object of pregsenting
further generalisations in the treatment of gas-solid lcatalytie)
and gas-liquid reactions. 7The case of nonisothermal absorption
of a gas in a liquid has been analysed by various workers [10-12],
Danckwerts (121 first obtained a quantitative wmeasure of the

interface temperature rise. The increasse in temperature could be
as high as 20°C as is evident from the analysis of Chisng and
Toor [11]. This increase in temperature alters the interphase

mass transport through its effect on the physiecal properties

(1ike eoncentration, mass transfer coeffleient, ete.] and hence
should be precisely evaluated. The conditions under which the

nonisothermal nature of the system becomes important, and the

analogy in general between gas-solid [eatalytie! and ges-liguid

reactions, have however not been snalysed so fer, and fomm the

subject matter of the present work.
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In all treatments of gag-solid fcatalytie reactions

the boundary condition at the interface 13 expressed as

d CB ‘
—-0 D U’ 0791

dy
in these cases the rescticn is always expressed in terms of
the catalyst surface, so thot the happenings on the external
boundary of the catalyst are no different from those on the
internal surface, Ihis concept was extended to gns=-liguid
teactions in earlier sections, Wwhile for all practical
pPurposes this extension is valid for iscthermal situations,
for the nonisothermal cage it iny not be walid. In fact,
conceptually, a completely different boundary condition hss
to be defined for gag-liquid remctions in general, whether
isothermal or nonisothermal, which reduces to the gas-gsolid
f[eatalytic) case as a limiting solution,

in the case of gas~-liquid reactions, whils the entiye
reaction occurs in the bulk and/or film of the dquid, in
which case a volume based rate constant kv is involved, a
small portion of the remction alse occurs at the surface

wherelin an surface brsed rate constant is inveolved, In all

annlyses of gas-liquid renctions which have appeared so far,
the reaction at the surface ig ignored and 1t is assumed tiat
the amss flux of the liquid phage component B at the surface
is zero, leading to boundary condition [44797. This boundary




condition is restrictive and 'should be replaged by a more
general condition which accounts for resction at the gns-liquid
interface as well, Such a boundary condition can be expressed
by

D o u & 6,0 M,80)

where k, represents the surface rate constant and Cprg? Cpe

the interface concentrations.

The application of this boundary condition is 1llustrated
in Appendix 4.1 for the problem considered by DeCoursey [9).
The modified enhancement factor obtained is

M 2 Ay P
| 1 « r o expl-gh) B, z
1/2
: ; |
(1 - = exp[=8n) ) F,81)
E_-1 " - J7
a

where © represents a surface resetion parameter defined by
/2
k. 5
0 = (—) e
a

and T denotes the diffusivity ratio [D,/D;]. If in this
-@quation the Sherwood number Sh is assumed to be infinity, the
situation would correspond to the kinetie regime in which the
entire reaction ocours in the bulk of the liquid. Thus the




amount of resction occurring on the surface can be neglected,
leading to the usual boundsry condition (4,797, For &h =x

Equation [L4.,81"7 therefore reduces to

/2

By = E
E = 1+N (-—-—-—-—-——) 4483
By = 1

which is identical with the expression develeped by DeCoursey [9)
assuming the usual Loundary condition,

On the other hend, for finite values of &h, the surface
reagtion parameter ¢ enters into the expression and its

effeet should be taken into account. Vor a noniszothermal

feaction there is a tendency for the interfnce temperature to
rise, leading to an enhanced value of k. which, in turn,
leads to more reaction at the surfece. In this situstion the
normal boundary condition does not hold and the condition given
by Equation 4,807 should be used.

Using the general boundsry condition proposed above sn
attempt will now be made to present solutions which provide a
gualitative understanding of the behaviour of gas-liquid reactions
in relation to that of gas-solid catalytic reactions, both
under nonisothermal conditiona. (uantitative approximate
sclutions will also be given which reduce to isothermal gas-
liquid or gas-solid [eatalytie’ reactions under appropriate
limiting conditions.

kb2 Gyatem oriteris

let us consider a reaction between gas A absorbing in a




liquid with an active component B and reacting with 1it, The
following nondimensional continuity snd conservation equations

can be written:

2
d" w,

-l
= rnawA\bx

N

a® ¢ 3 b
;? = T m W, W X

et u° w, W = Cy x, where C, and n are arbitrary

constants; then Equantions [4.847 beccme

dvA

a® ¢ nek
s—— . i [Tc,]:

d x
The asymptotic solutions to thege eguations subject to boundary
condition (L.80) recest in dimensionless form as
q %

2
i
d x x




ares
r-2
v, = G, l:n X+ ay + [1 +« 0 (1)] a3 [me 1j| [4.87
n-2

Wy = Oy 1 l}J X+ 8 ¢ [1 + 0 (1] — "nhﬂjl My 68"

n-2

] + r
t = ¢ [as X +8g 4 [1 0 (1] "me3] foed j, [ 4,891

whare 8, = masy flux at the interface; ay = 1

2
O & =0 Wyt 8 =y, (4.90)
ag = heat flux at the interface; ag = t, '

The dimensionless resction term m2 W, ¥, appearing in

Equations (4,857 are then given by

Piwe 2
2 2 -
n% v, vy = wﬁ{rc.’ l}3x+th+[1+0(1)]mjj|}

(ke91]

In the above equations the constants ay~8, are
defined by expressions which are listed in Table 4.1, It will
be noted that a, alone has a simple value lof unityl, while
the others are relatively complex equations involving the
gas-liquid paremeter ',r- defined earliier

1
f = o y .91
| )




Constants

Expression
d'B ¢'3
l.1 %(dl ‘ﬂ! n1)4-2PwApo°
a, 1
.3 “BZ‘B’I
"' ¥B1
dt dt 2
* %(d—;-.—; )’.?'Ao'Bo
x=1
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This parameter expresses the ratic of the volume per unit

area in the bulk to that in the film and is therefore a measure
of the relative amounts of reaction occurring in the film snd
the bulk,

. ' For the case where the usual boundery condition [k.79)

is valid, we have for x — o the following solutions:

W, = Equation [4,87)

L1

T
x
= * 100 (1)] cm——— (4,92
B (=31 me2)
t = Egquation r~089]
The reaction term now becomes
N2 '
n2 W s oo W a, +1+0 (1N - LTk)
A Y A% =31 fne2)

Bquations [4.§1] and 4.93) provide values of the
nondimensional term n° Wy W, under two different eonditions,
Vizs using boundary condition [k.§g? and boundary condition
= 4479) respectively. ny incorporating these expressions in
Equations The90] and (4,927, it can be seen that the use of
the modified boundary condition Ik,&0) results in a lower value
of the concentration of B in the film, 1In other words, there

is a lowering of the mass flux and hence of the effectiveness
factor, Hegleoting the existence of a finite flux of » at
the interface can therefore load to wrong predictions of the
effectiveness factor,




Let us nov analyse the entire sequence of situstions

@8 we proceed from the most general nonisothermal gas-liquid
resction to the simple gas-solid catalytic reaction, This will
provide a clear understanding of the eoncept presented and the

influence of the parameters & and 0 in defining the gystem
and the regimes.

. (1) A nonisothermal gas-liquid reasction is characterised
by finite values of as already pointed out in the earlier
section, let us now examine the further generality introduced
by the incorporation of the new boundary condition, The role
of this boundary condition may be expressed quaniitatively

in terms of the surface resction parameter 6 defined by
Equation (4,827, In the case of a gas-liquid reaction, the
modified boundary condition demands a finite remction at the
gas-liquid interfesce. ihile strictly this is true both for
isothernal and nonisothermal situations, under practical condi-
tions the contribution of the surface reaction at the interface
for an isothemmal remetion [in which the surface temperature is
the same as that in the film or the bulk) is usunlly negligible.
On the other hand, for a nonisothermal exothermic reaction, the
surfzee temperature can be higher lending to a contribution

of the surface reaction which camnot be neglected. We thus

come to the second condition for a general nonisothermal

gas-liquid reaction, viz. 6 > 0. It Bay therefore be stated

that while p >0 i3 a necolsafy condition, the necesssry and
sufficient conditions are

£ > 0

LR
e >
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[2] In the case of isothermal gas-liquid reactions,
as already stated under (1) above, for all practical purposes
the necessary and sufficient condition is

£ 2 0 The9s?

(3] For gas-solid catalytic reactions, whether isothermal

or nonisothermal, the necessary and sufficient condition is

The surface resction parameter o does not come into the
picture here, since a separate surfece rate constant is not
invelved. The pame rate constant is used for reaction wvithin

the catalyst matrix as well as on its external surface,

The farioua conditions outlined above are summarised in
Table 4.2, It will be noticed that gas-liquid and gas-solid
catalytic systems hnio nov been treated on a common basis
, uging the parsmeters £ and 6. The Thiel” modulus m appears
' in both the cases and 1s not a distinguishing quantity,

be5e3 Anproximate golutiong

The econtinuity and conservation equations are given in
nondimensional form as

d"’u& ,
T "
&, :

:?—-ra 'A"B




System

>0

isothermal
Nonisothermal > O

0

Isothermal
lionisothermal o

io reaction restricted

= 0 corresronds
: to the film.

al
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a® ¢ .
-d'-;‘-.e- = Tm v w o971

([«aH) D, C,

where | 18 the thermicity factor defined ms 7 = _1+L.

e "1
The boundary conditions are: ‘

dat ¢ v,

y =0, v, =1, L I 1L ——-{' ——
dy dy y =0

d w
A

T8 3 S Lo SRS Vou Bt = Ny L6 4,

d

J
s dy y = 0'
where -{’ is a dimensionless parameter involving the heat

The temperature boundsry condition é"—: = Y

of solution [AH.]. is the same as thet proposed by Sheh 131,

Equations 4,977 can be integrated twice to obtain the
relstionship between the concentration and temperature profiles as

Yo ¥B1

( 1 ) k... i1, and
v - - SR gy m— - e -
Ao r r v Tr ;

t "o )
vA-? - (UM-1-‘:;_‘ +-1',->y-

If now the transformation

y
/2 1/2
z-ff-avalldy-vflgvao']/}‘
o

is used, Equations [4,97) can be recast as
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with the transformed boundery conditions

— (‘“’A ¢y
' ¥, ' % 'Bo'd' ity id n

% =0
' ! - dw lzf-w v
-s e (fwl’’, f[.z Firanis doms, o —
"y "o “Bo 5 »’ y d g dz/ay '
$-$°'t-t° r~0102]

- Using Equation [4,99], Equation (441017 can be rewritten as

dzwA tlv'A
¢ p[2) v o v,
d? ds

o a v,
n- + pl2) -;-;- = + £, [2) (4.103]
a? ¢ at

=37 * plg] == o ta.¢ [2)
a g® ¢z .




where

2 2
d” z/d y
p(z] =
[d z/d y)
Y80 “B1 “Bi
£ [ﬂ'r(“B'(on"“"T*TA’" : + 1
t"o tl t
fafz]-{qt- (wA{-1-T+:}— y-:;--v‘l My, 1047

dmplicit solutions
Equations [4.103) can be solved subjeet to the boundary
conditions [4.102] to obtain the implicit concentration snd

temperature profiles, which can be further solved by a trial
and error method,

The first in the set of Equations [4,103] is taken as
&an ex ample and three different approximate solutions are
obtained. The solutions for the other two cQuations can be
obtained in a similar manner. These are also linear equations
of the second order and the complete primitive of the original
equations can always be found if any solution whatever of the
original equation with the right hand side equnted to zero
can be found. Although the solutions obtained are in the
implieit form, certain properties of these eguations as regards
their boundedness, asymptotie beheviour, ete. should be
precisely understood, in view of their common occurrence in
describing various physionl phenomenon. These approximate

solutions along with their properties are summariged in Tebles
1’03 Md l”.h!
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TABLE- 44

Lower and upper bounds for the solution

|

3 dzwn dw,
1 | EQUATION CONSIDERED - + P(z) + Q,W, =0
dzZ dz ATA

2| TRANSFORMATION USED | w, =e f“d’

3 | TRANSFORMED EQUATION -:—E- = alz)ul(z)+Plz)ulz) +Q(z)
alz) =1
Qlz) =-1
4| LOWER BOUND u(z):rninl:uo exp (—f [P(z') + 2a(z') v(z') ] dz')
v 0

BELLMAN (1955)
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Z
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Conditions: a(z) should be positive semidefinite and HH
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H
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In obtaining implicit solutions Equations [4,1037 can
be transformed into an eguation of the form

—:—:—i ( '-"‘;- --:—-:—n-) =W, M4.109)

using the transformstion

(pé s
dl = Q@ d z [ha106)

2/ v vy
where %; = Qn e and n stonds for the species A, B

or temperature t. Lord Kelvin [1k] has indiceted the mechenical
means of approximating Equation [4,1057, The solution using the

method of successive approximations

i -2/ /% 1

W, ® f. [c- f\tﬂ.dlj' dl 41071
' 0 : 0 : '

. :

Sy :
[c - ]wA 31 da 1] a1l a0
0

is shown to eonverge to ome of the solutions of Equation [4,105)

as J Aincreases and where ¥,q is some trial solution. When

'AJ does not sensibly differ from Y RL then each 1s
sensibly the soluticn of this equation, or
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B
Vg .f [ fwajdl:’ d1 The108]
Q

B and W can be expressed in terns of the concent ration

W, using the Equations (4,997, Thus Bquation (4,108) 13 an
implicit equation in W, @and can be solved by a trial-snd-error
method to get the concentration profile.

Altomunl}, ehanging the dependent variable W, in
Equation [LJO&] using the transform-tion

W, = v exp [—% fpl2 dzj (44109)
gives
—.762 . I s .110]
Y=0 .
d -
wvhere
d p
I = -q i s 5 The111]
' 2

The approximate solution to Equation (4e110), when I 1s
assumed to be a slowly varying funetion of (2], can be
obtained as

W, = exp [—% jp[’z?ds] exp !:jx(zvh-:-{:-)ds]

I
he112]

Equation [4,112) 1s again implieit 4in v, and a numerical
evaluntion is necessary to get the congentration profiles.
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This approximation which is commonly known as the WBK approxi-
mation is shown to be valid by Northover [16) when the following

conditions are satisfied
(1) I'/1 <« 1[4 1'/1 < 1 [h4,113)

Although Equation [4,1047 or its various transformations
give =n impliecit solution for the concentration and temperature
prefiles in the film, 1t would be instructive to examine certain
properties of these equations [which, as already mentioned, have
been summarised in Tables 4.3 and 4.4,

Thus Bquation [4,110] can be transformed to the eguation

2
d
;——1; - Gu = 0 (h,114]

using the transformations fer independent and dependent
varisbles defined as

Y = u exp [—% fpll'll dl] M4 ,116)

é® 1/a £ = 1 % L2

Rt veat T oy " WA
[ha117)

n [a y/a l]i

Using liouville transformstions
i
s = f re'lvz al M4e118)

Mhea119)
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Equation [h.114) can thus be trensformed into a standard form

a%c

— - 1+ o8] =0 Ty 1200
dl

vhere ¢ls! -0 as g~ [i.e. 5~ 2]

¢ N1

¢ls] = ( L] Clm ) ( L rl—tL ru.m]

boundadness:

The solutions of Equaticn [4,1207 are bounded provided

(8l ds<c , ¢l8l =0 as 8= [4,122)

This can be easily verified by multiplying Equation [k,120"
by ¢ and integrating bLetween O to 3.

asymptotic solution:

For the case wvhen ¢ [8] ~0 as s~ , the existence
of two solutions €, and €, 1s known, for which

el e
—L - 1, e | M4.123]
€, g,

Also for the cage fwlq)fs'_ll d 8 <ax , the following solutions
can be asserted

o ‘sl | (o 124)
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The general solutien is then obtained as | |:
s -3
¢= Cq e 40,0 [4e125) [l
lover and upper bownds; I i |
Equation [4,103) can be transformed to the Riccatd _ W, I
equation using the transformation i
fuds I,
v, = @ [h,126) [
as : | ‘
du 2 ‘], |
;—:-a[ﬂ\lrﬂ+P[I]Il[2]+er1-0,lrﬂ-1 ‘t“.
¢ [2] = -1 Mha127) |
The lower and upper bounds for the solution of this Riceati ‘ii l" |
@quation can be established under certain circumstances. :ij l r
Bellman [14] has given a solution u 2] of this problem which |? I |
appears as a minimum of the known functional, as !‘ '
I

- ] 1 t ] ‘J‘ }
ulzl = mn [\10 exp (-f[p 2 023[31'\3[:]] d:>+ !|
iz 0 I
|

i
e H‘
f [Q (2] u? (57 = g [l.]] dz x I8 |
8 il
1A
2 | It
exp (-f[p (2] +2a [2) vf:‘ﬂ dz )} 4,128) J.f',z
.'. | |‘ |
'FiN i |
The necessary condition for the validity of Equation 4,128 being ;‘ |
a (2] should be positive semidefrinite and wu [z continuous, f ’

|
J!, |
Following Bellman [14] the solution wu 2] can be cbtained ".”',‘i |
as a maximum of another known functional as “ | , 




z
ulzl = y © ' !'z"1,+2‘;;r:'1v[_'",\ dsz
m[\a xp(of[p :] )
f [a lf::'1 -Q(s) [s']] d z x
0

axp (/:: [p (2] 4+ 26 (2" v (27] a s )] M,129)
2

The necessary condition for the validity of Equation [k,129)

being ¢ (2 should be negative semidefinite and uf z) never vanishes. |||

The maximum and minimum actually occurs at w 2] = \Th’-
and v (2] =u [2),

Explicit solutiop

Most of the gas-liquid reactions are not highly exothernie,
1e00 &8 15 usually a very weak function of x. Also, 1f the
initial concentration of the liquid reactant (w,] 1s
with that of A in the film, then -
Equation [4.97) simplifies to

a® v,

= W
d IF A
a®
= I'w
4 F A
a? ¢
d ?
These equations may be solved subjeet to the boundary conditions

(44102] to give the following concentration and temperature
profiles in the film; |

high compared
a = is also small and

W, = 61 "’02 l‘.

w = rc, o400 sy m40,
t nf[{}'..#ca.-']'-tcsl*cﬁ




Cg

tc,- '([01 ..1 + Cz .-.1] - Cs z, [4.132)

The effectiveness factor for this system can be defined as

actual reaction occurring

=
'ﬂ renction at the interface
conditions with no diffusion

(4,133

ac

-, 5> x.o"‘scmcm

5 ky Cpy %o * kg Cyy %o




This e2n be writter irn dimensionless form as

“ 'l%a Uni

This can be rearranged to the form

s bl il v,,(%-?)]

"

where

2 ° Y20 Yo
Vpa = Moo = By ( 175 -231!3!181 ,L::
(‘1 ‘&1 (ﬂn 'b 3H,

Mhe137]

For the simple case of [ = 0, this reduces to the form

G e

i

Equation [4,136] can be simplified for certain cages, thus

for a pseudo first order reaction



qlnon . AT 1 mo'Bl
= At A

S
'n-j,ao i % 14;%—) wﬂo(“{,—%)
(4.1397

For the case when m; >> 0, 1.0, the surface remction is
negligible in comparison with the reaction occurring in the
volume of the diquid, this simplifies to

n - AT
non . oNy [- — ] r“.‘l‘{)]
Miso ooty N L

For the case when activation energy is high, say greater than
20 keal/gm mole, the reaction 1is no8tly kineticall)y controlled
and occurs almost entirely in the liquid bulk, PFecause of the
bigh turbulence in the liquid, bardly any temperature difference
can be noticed across the film. Thus the effectiveness factor
ratio almost tends to unity., This is in agreement with Carberry's
analysis (157 whieh shows that the effectivencss facter ratio
tends to unity in many ges-liquid reactions. Howswver, the
tenperature AT across the film increases much faster than the
corresponding decrease in sctivation snerg: as the valve of the
Thiele modulus incresses, Thus, for a stremgly diffusion
controlled reaction with the activation energy in the range of

3= keal/gm mole, 4t is not uncomzon te have a temperature
difference of 20°C seross the film. In a situstion of this kind,
the effectiveness factor tends to be higher than unity, The
results obtained in this analysis, though approximate, indicate




that it is not advisable to treat the rate constant as

indepencdent of teaperature under such conditions "as is done

in many gas-iiquid reactions! and lends support to the use

of the more general boundary condition [h.807.

For the case when o > mf y Le0s the remction is
exelusively occurring on the surface, the first term has a

neglizible influence and Equation 4,1397 reduces to

Tasn * 1§ Mhetl1)

This is quite obvious since the definition of'q' is based on

the condition at the interface. For the intermedinte case

when @ - -f, Bquation [4,1397 should be used,

For the cnse where pseudo first order behaviour cannot
be assumed Equation (4,136 should be used, The modulus ;%—
arpearing in this equrtion represents the ratic of surfsce
reaction to reaction in the liquid E; = —EE‘K and hence

is a measure of the contribution to the total resetion from

the entire liguid volume as well as surface. As the value of

this parameter increases [i.¢, more surface resction oecurl].‘

the coneentration of the liquid phase component [w,! deereases

at the interface and hence from Equation 4,139 the ratieo of

effectiveness factors alsc decrease, This is consistent with

the fact that the rise of temperature at the interface lovers
the equilibrium ccncentration at the interface, leading to a

lover mass flux of componemt A and hence a lover effectivencss

factor, This effect is analogous to the effect of 2 volatile

iiquid where a certain mess flux is lost to the gas-phese at
the gas-liquid interface.




NOTATION
interfacinl area, enzlcl3
constants defined by Equation [4.90]
concentration of 1"“ speclies, g noh/on3
constants as defined by Equation [4.132]
aiffusivity of the 1% species, em’/sec
enhancement factor
enhancement at infinite time
hypergeometric uﬁoa
defined by Equation [4.103]
defined by Equation [_h&nﬂ]

defined by Equation [4.117]

 defined by Equation [4.111]

rate constant, 0-3/5 mole sec
effective thermal conductivity, cal/sec en® °C/em
mass transfer coefficient, cm/sec

surface rate constant, cm/see

 wvolumetric rate constant, an3/3 mole sec

distance parameter used in the transformations and
as defined by Equations (41051, [4.115)

modulus defined as @
L

Thicle modulus
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order of reaction

defined by Equation [h.104)

defined by Equation [4.117]

1iquid hold up, em’/ew

diffusivity ratio D,/D,

defined by Equation [‘!.1178]

temperature, °K

dimensionless temperature or time

transformed variable defimed by Equation [k.106]

transformed variable defined by Equations [4.116],
[4e128], [ha129] '

transformed varisble defined by Equations k,1101, [4.116)
dimensionless concentration

dimensionless distance

distance parameter, cm

transformed distance parameter defined by Equation [4.100)

value of g at y =1

w

£ dimensionless parameter defined as ig
: 5 dimengionless parameter based on heat of solution
(- nHI] DI c;

kg Ty




[«4H) D, G,
thermicity parameter defined as ——r!:—L
C}

film thickness, om

e modulus based on surface reaction rate defined by

heat of reaction, cal/g mole

neat of solution, cal/g mole

e defined by Equation M4.119]

defined by Equation [he121]

effectiveness factor

Y [x] dimensionless concentration variables defined by

hesgidence time, s6¢

dimensionless residence time

condition at the interface
condition in the bulk of liquid
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51 ZUZRQDUCTION

The chlorohydrination of olefins involves simultaneous
absorption of the olefiniec oonpbund and chlorine in a reacting

mediunm [water], and the sequence of reaction steps conforms

to the scheme

Sy ¢+ Gl = G0l [rpd) (1)
Cl, + H0 = HOCl + HCL ri
Gy, + HOCL ~ CH,01C1 fecx) f111)

where ethylene is chosen to represent the olefins. The
formation of ether is not considered in this scheme, since
at low concentrations of ehlorohydrin, which represents the
practical situation, the formation of ether is known to be
negligible.

In Chapter 2 a mathematical model for the simultaneous
absorption of two gases accompanied by a complex chemical
resgtion scheme as menticned above was presented. A knowledge
of the kinetics of the individual steps 11, (141 and (141
1s essential for the experimental verification of the proposed
model and for predicting the probable mechanism of overall
abgorption; The hydrolysis of chlorine has been well studied [1-3)




141

and 'tho kinetics of step [ii] is =lso known. The absorption
of ethylene in chlorine water has been studied by Akehata

and Johnson (47 and Dunn and Wood [5, 6'. The reaction between
ethylene and hypochlorous acid is reported to be infinitely
fast in presence of chloride ions and that between ethylene
and chlorine is comparatively slow. In view of the various
chlorinating species irvolved and the simultaneous cecurrence
of different reamctions, it is difficult to analyse the results
obtained. Hence in this work it was decided to study the
individual reaction uninfluenced by the others] between
hypoehlorous acid and ethylene,

A great deal of confusion exists in the literature
as regards the mechanism of chlorination. The term positive
halogen is used to denote the covalently bonded compounds
in which the halogen is in +1 oxidation state mnd are categorised
as 17 neutral or negatively charged species hypohalous acids
and their anions),[2) a species with unit positive charge H 0 X',
and [3) simple eations X'. Various investigators have
explained the observed results on the basis of mechanisms
involving the simple cations. Hwﬂoi- the thermodynamic
considerations presented by Bell and Gelles [7) and Arotsky
and Symons (8 invalidate the participation of thege cations
in the reaction. The reaction has been explained by de la Mare
et al [10-15] as proceeding through the protonated hypohalous
scids and experimental evidence [17] shows this to be the
probable mechanism. At higher concentrations of hypochlorgus acid,
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Israel gt al (16! have suggested chlorine monoxide as the
chlorinating species. The resctions of organic compounds with
hypochlorous acid investigated by verious workers lends support

to either of these mechanimms suggested; their findings are
presented in Table 5.1 along with the rate expressions obtained

Based on the analysis of the reaction presented in the
earlier section, it cen be concluded that the resction goes
through the following sequence of steps when the concentration
of hypochlorous acid used is greater than 0,001 M

Ky
2 EOC1 3130 H0
k,
[a) [x) (A, x)
.
"
[earbonionl + B 0
k.. 2

(Ay x1 [A,) fa, Ay %)

[Oubonim]‘ . [on]'-——>- Product
[A.' Ay x! [A1 Az'!

The overall reaction may be represented as

k
HOG1 : Gl O, OHC 1

% [Ag) Ay A




with the rate of product formestion given by

-

m m
R = kAl [a)] = kg [Aq Ay x] {5.1)

At steady state the following rate eguations can be
written from the steps [iv - wi)

a [A, A, x]
1
“i

= -k, (A, Ay x] = Ky rn, Ay x| o«

Ky (A ] [A) = 0

and

a4 [A.l x!
- 3t = =ky [,\1 %! [Az" + Ky Ut1 Ay X -

kz rA‘ x! « k1 rlﬂ () = 0 53]

From Equations [5.27 and [5.37 the following expressions for

the concentrations can be derived:

ky [a, x1 [A)]
= i oM
(A 43 ] %, + k,TL [544)

ky [Ag Ay X1 « ky [A,) [x)

[A1 x! =

Substituting Equation [5¢5) 4in [5.0)
ky ky [A] Ua'!_ rx}

= '05

(4 Ap x] -‘iﬁh“sl*‘% vy > [5.€]

The rate of reaction can then be written as




"R = 15(1‘12!]

k, (A (A [x)

k 3

k k
mn ﬁ + ;g << 1, 1.e, vhen steps [v] and [vi)

are much fagter than the reversible step [iv', Eguation (5,7
- gets simplified to

Thus the rete becomes independent of the concentration of
component Aje In many reactions reported in the literature
[gee Table 5.1 the rate was cbserved te be independent of

the conecentration of the olefinic compound, thus suggesting
a reactive olefinic compound.

- Equetion [5.7] for the case of reaction between HOCL
and czﬂh can novw be written as

2
k, [#0C1)
R = 1 (5497

k
1.+‘r-rém3 "

This rate model was found to fit the experimental data
satisfactorily, as shown below,




5o4 EXPERIMENTAL DATA

| The selection of a suitable reactor is one of the
important considerations in any experimental programue
associated with gas-liiquld renctions. The preliminary

experiments show the resction between etnylene and hypochlorous

acid to be quite slow, and as recommended for such reactions

an all-glass stirred reactor wvith provision for temperature
control was employed in this work.

The resctant gas, ethylene, WVas prepared in the laboratory
by the catalytiec dehydration of ethyl aleohol on basic alumina
as catalyst in a fixed bed reactor at a tempersture of 350-390°C.
Ethylene of 99.5% purity thus obtained was collected over
water in a gas holder and then compressed in a ¢ylinder. The
gas was tested for 1ts purity in a gas-chromatographic apparatuse.

The hypochlorcus acld was also prepared in the laboratery
using bleaching powder and boric acid as and vhen required.
Boric acid decomposes to a considerable extent the calelum
nypochlorite in bleaching powder. Consequently when bleaching
powder is distilled with borie acid, there is practically no

' chlorine evolved and pure nypochiorous acid can be obtained.

This method has thus the distinet advantage over the nethods
wvhich ugse chlorine in the preparation of hypochlorous acide.

About 15 grams of bleaching powder was thoroughly
mived with about 2-3 times its weight of borie acid and
about 300 ml water, The mixture was distilled and about
50-100 ml of distillate collected., The stremgth of the




solution obtained this way was usually 0.1 to 0.2 N
hypochlorous acid,

Hypoechlorous acid undergoes continruous decomposition
and Figure 5.1 shows the rate of decomposition against time.
In view of the large time required for a significant decompo-
sition compared to the reaction time employed, this change
in concentration of hypochlorous acid ean be neglected in
analysing the data.

The relatively unresctive hypochlorous acid gets
converted to more reactive species by eatalytic anions, Thus
C1” ion gives rise to molecular chlorine, C1l0~ to chlorine
monoxide, ete, In order to avoid complications arising out
of suech possibilities, a known smount of perchlorie acid and
silver perchlorate was added to the solution during its
préparation to supyress the C10™ and C1” catelysis. The
solution of hypochlorous acid thus prepared was stored in
the dark to avoid decomposition,

About 150 ml of hypochlorous acid was charged to the
Stirred reactor and ethylene was then bubbled through it.
Cooling water was passed through the outer jacket to maintain
the teamperature., After a suffieiently long time sanples were
withdrawn [such thet the overall econcentration change involved
was negligible] into 10 ml of freshly prepared KI solution
at known intervals. The liberated iodine was titrated agesinst
thio solution, the exact normality of which was determined
using standard dichiomate solution.




In order to atteumpt a detailed kinetic analysis
of the reaction, a number of experiments were carried out

covering the following ranges of variables:

femperature: 15-35°3

Ethylene concentration: 9 x 10"6 -l x 10'7 gn mole/ml

Hypochlorous acid 04001 to 0.,005 N
concentration: -6 pei
M x10"" =5 x 1" gamnole/ml)

Ethylene concentration was wvaried using different flow rates

of nitrggen. Additional experiments to study the effect of

silver perchlorate and perchloric scid concentrations were
carried out to justify that AgCl !'KD =2 x 10"6 gn mole/1it!
formed in the golution does not act as a chlorinating species

or source thereof.

The physical solubility of ethylene in agueous hypochlorous
acid solution may be calculated from the known value of the
solubility in vater and using the following expression:

A :
log t = -k I 5410

where A, apnd A, represent the solubilities in the solution
and water respectivelyj I and k , the ionie strength of the
gsolution and salting out parameter respectively may be obtained

from

2
[5411)
k.- 1‘+1‘_+1‘
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where .’.:1 is the concentration of ions of valency zl and
i + Bnd i_ represent the positive and negative ions in the

solution,

The liquid phase diffusivity of ethylene in HOCl solution
may be predicted from the value of 1.6 x 10”7 em*/see [30)

obtained at 25°C for ethyleme in water, by correcting for

temperature and viscosity of the solution aceording to the
Stokes~-Einstein relation:

D, u
45 = constant [5412)

where u is the viscosity of the solution and T the absolute
temperature.

95 RESULIC ANT DISCUCSIONS

The results of the experimental investigation are
plotted in Figures 5.1 to Je5. Figure j.1 shows the rate of
= 'docelpontien of HOCL at various tempsratures and initial
hypochlorous secid concentrations. The stirrer speed used
varied from 100 to 400 rpm and showed no effect on decomposition.
Figure 5.2 shows the effect of stirrer speed on the rate of

absorption at variocus concentrations of HOCl, The constant
rates of absorption obtained point to the reanction being
independent of any diffusioral influence, The effect of
partial pressure of ethyleme and concentration of hypochlorous
acid on the rate are expressed in Yigures 5.3 and 5.4, The
results show a small dependence on ethylene partial pressure
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AgCLO, -0-008M ‘
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FIGURE 5-1: DECOMPOSITION OF HOCL WITH TIME IN PRESENCE
OF SILVER PERCHLORATE H
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in the lower range whereas a second order dependence on
hypochlorous aeid is observed.

The experimentally observed rate my be used to ealeulate
the values of the rate constants k, and k,. The rate
constant k, can be easily estimated using the rate when no
dependence on ethylene partial préssure 1s observed. The
complete rate equation is then used to calculate kye The
activation energies for the two resctions may be readily
caleulated as 745, 10435 keal/g mole. The rate constants
along with the equilibrium constant 32) for step Miv) are
presented in Table 5.2, Using the values of the rate constant
and the physico chemical data for the gystem, the criterion
for slow reaction may be verified [as shown below) indieating
that the values of the rate constants obtained are net nasked
by any diffusional effect.

For a reaction in the slow reaction regime [kinetie
regime] the following condition is to be satisfied:

> 18,

kL a c; 2 i
> 1k, [HOCL) (5413)

where the second term in the denominator of Equation [5.9) is

usually negligible, The k;2 values in a stirred tank reactor

with the stirrer speeds employed would be in the range

2-5 x 10™3 m". Assuming a conservative value of § x 103 sec™"

and substituting the numerical values for the conecentrations

and caleulated rate constsnts, we have

2
51073 25 x107% > 0.8 x 2.0 x 102 1 x 10°8)
25 x 10-8 » 1.6x 10-10




Thus Equation [5,13] 1is seen to be satisfied,

The results of the experigents indicate that in spite
of the low diffusivity and solubility of ethylene the reaction
is not diffusion contrelled. The rate contrelling step is
the conversion of hypochlorous acid to chlorine monoxide., The
observed value of the rate constant k, closely corresponds to
the rate constant reported for this reaction (6.2 11t/g mole min}
ard confirms the rate eontrolling step,
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System’s’ B Kinetic rate expression leference
i 2 e
'Hpc1+croton1§ sedd k(K = k)[BoC1)[c1™)
k[H0C112[C)10,)
o8 kqDicc21 (k] [HCY)
| k,(H0C1) [k, ] [BC1)
EQCl + ethylene | kztuoc.l]z - Shilov g% al a1
NCE N (roc1) 2
k, (H0C2) [8*] [€2™)
2 "
: !égcoioa butene =k 1:3(&001‘! {c=0" Shilov gt al 20}
) k, [50c1Y (H*1 [C2™)

k. THoe1]) foca™) [o=C]

e

y HOG 1ee thy lene - dhilov ot al [22)

. 10C1+e thy lene - Shilov gt al (23]
| HOCl+ethyiene - Shilov gt al T2W)

HOClsethylene - Shilov gt al 23]

Sodium anisole k[HOER) [ArH) Shilov gt al [26)

sulphate + HOBr

2 butene, 1=4 diol, k[HOCLI[E*)[Arm) Shilov gt ol [ )
crotonic seid, ete.
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1

i

Anisele + HOC1
[0+003 to 0L0M]

Guinol + dimethyl
ether [..3644)¢ HOC1

FPhencl [0.003 to

Allyl ethyl ether +
HoC

Allyl £
< Q.00

ide
+ HOC1
Phenol «+ HOCl

Mesitylene +» HOC1
Hethyl-m-tolyl ether
+ 5051

!utgl-p-tohl ether
+ HOC1

- Ve

A 1 acetate +
HOC

1 aleohel +
HOCl in pregence of
sod, acetate-acetic
acid buffer '
[eonstant pH)

Tiglic aecid + HOC1

Crotonic aeld + HOC1
in bu fengcsoluum
at 259, 35%C. :

Crotonic acid + HOCL

koo

kfroc1) (A

K[H0C1)+k' (HOC) (E%)

k[HOC1Y +k' [HOC1) (6™
+ k [HOCL) [Ax)

kXrEOcAI[C 3Hig0H)
+ HII[HOCJ.]z

Ky (50G1) [O4,0H)
&511 * %1 HOAg)

de la
gy sa

F oLl

Israel gt al [16)

%;{ul et al Mk,

[E0c1)? + x5 [HOCY(HOAS)

k3 [HOCA)[R CO)+[R CO)

+ ky [oc1)?

k3 [HOC1)[RCO,)+([ACO3)

+ k' [RCOH) [Hoc1)?

Israel gt al (18)

Cran (27, 29
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3

i

1

Pthyl crotonate
& '.’.Ln_:l ‘

Sod. acsinze +
acetic aecid
buffer of
constant pH

Ainiscle + HOCL

ki (E0C1Y[ELR] «

kﬁi (HOC1)® [ELR)

k? I ruoc1ifuoAe) [Etn)

7 ¢ L
x/[2001]° + k f’ﬁf*'ﬁ
Fun™ ‘}2 " " -]

[8.0%1 [Boci)
3

Israel gt gl [29)

swain gt ai M7}

'
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remp:mtum, kq 1it/g mole min k3 idt/g mole min K eq. step [iv] | "

L*
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641 JHIROIUCTION

Catalyst deactivation often plays an important role
An determining the overall kinetics of a catalytiec resction,
Just as the intrinsic kinetics can be altered by diffusional
effects, catalyst deactivation can also play a decisive role

in determining the regime of a reaction in a catalyst pellet.
The study of eatalyst desctivation ean be considered to

invelve three main steps. The first is concerned with the
chemical nature of deactivation, the second involves the
behaviour of a pellet under conditions of catalyst deactivation,
and the third based on the analysis of a deactivating catalyst
pellet] relates to the problem of reactor design. Thus,
analysis of the role of catalyst deactivation on the course of
a chemical resction in a eatalyst pellet has been the central
feature of meny investigations reported in this fiold. Various

aspects of catalyst deactivation have been reviewed by
Maxted (1) and Butt (2],

In the first two sections of this chapter the effect
of catalyst deactivation is considered under the following
situation: one dimensional nonisothermsl [adiabatie) with

internal diffusion for a first order resction, and (27 two
dimensional isothermal resctor with internal diffusion for a
In the third section, nonuniform

general order reaction.

TR O T RN e R T e
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distribution of catalyst activity is considered for a general
order reaction and conclusions regarding the suitebility of
nonuniforn deposition of catalyst for a consecutive reaction

are drawn.

6+2 HOB

. The nonisothermel renctor is more commonly encountered
i in practice than the isothermal resmctor. Hence in this section
the behavious of a deactivating resctor under nonisothermal

: conditions [in the asbsence of diffusion’ is presented., It is
agssumed that deactivation occurs as a result of a second
[carbon forming] reaction either in parallel with the main
reaction or as a congecutive reaction., These may be deseribed

kv

By A ——> B Parallel

| _“va

4 A——= B —= C Consecutive

In order to describe the progress of a chemical resction
in a nonisothermal reactor an energy balsnce equation is
necessary in addition to the conservation equations of the
reactant and carbon. These continuity equations can be
written in nondimensional form as

B'A

-g-;- = -dp, [16.1)




—— - b r, ,’&.31
> 8 A
where
PB dp (=4 H) Pe dp
of = ’ =
f ~ 5 3
of i TO up .l
F6U)
and
G rii ‘”g
tr\ = - - L
- < ' 3
'fg ‘B (Ap C —

The time variable defined by Eguation (6,47 has been used in
vriting BEquations [641) ~ [6.,3) to eliminate the time dependent

terma,

To solve Equations [6.,11 - (6,37, expressions for the

retes r, and r, must be known. These rates for the case

e
of consecutive and parallel fouling are described by:

parallels

Ty mhyq W+ hp ¥y = Ky Wy AT Kip << kyy (645l
Te = Ko Wy [6e50]

eonsecutives
Ty, = kW, [6.6a)
re, = ko [1 = w] [6460)

e - -



Restricting our attention to parallel fouling and

' K
assuming inverse proportionslity [a = a—], we have k., = ;1
(&

c
I
Equation [6417 =« [6.3) can now be recast as

F6,7)

(6497

Equations [647] « [6.9] have to be solved simudtaneously,
From Equations [€.7] and [6.9] the following relationship

between concentration and temperature can be obtained:

’ 3 :
T = To - ;" ['AO - 'R] [6010’

Using this result in Equations [6.,7) and [6.8) and neglecting
the higher order terms in the expansion, we get

— = & LK oxpl:? (w -w)]:‘-:
oty B Kva £\ |
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where

(6.13)
O = A, exp [«B/R T k2, = A exp =B /R_1T.)
K3  OXP =B/ % Yo't N2 ‘2 =g/ By 3

Following Bischoff [3] the solution to Lqustions [6.11)
and [6.,12) 1s assumed to be given by

w, [2y tyl = w, [0)

[+
W rs t»] = v Yt 1 r6 1"}
f 1 * D P " ‘o D s
v, [0, t - v, [0}

Using Bou-tions [64147 in [6.,11) and [6,12) anéd after some
algebraic manipulations, the following equations are obtained:

v, [0, t;) - t,

( "R ‘B kva ra 1 . .
] wo d 'Uo = . ‘HA tr\ d t;: 6.15
Vy [0,0) _ 0
and

v [2y t;)]

v, (s, ¢
2 = - B El - (6,16
“ Ry (Ve 2y tp = ¥ [0]]

v, [0, tD]

3 ¢ :
i v, (3, t5) = wg (0] RN
X e - W - W L ) W
xp R [Mo™ "TTo, ) - v, 0 Ao P d e

At constant feed rate y, [0, tj] =y, , and for zero initial
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position w, [z, 0] = 0. Under these conditions Bquations 6,15
and 6.16 reduce te

o 1/2 _
v, [0, t,] =[2 5 fp Ko ty w1 [6.17]

and

v, g, tJ
exp ["Fﬁ] ¢ [ 'Y
2 =

4 “ K9y

dﬁe

v, [ =, tD]
s [t'n v, [0, tn'*]

v, [0, ty)
F6.140

Equation [6,18] ean now be integrated to give the
profiles for cerbon. The resctant and temperature profiles
are then obtained using Equations [6.14) and [6,10) respectively,
These profiles are presented in Table 6e1s It can be seen from
the equations tb,t the maximum temperature and the distance at
which it occurs are functions of time.

6.3 Lo Al ISOTH RMAL HEA(
LAINAL DIT USIOR

In sany gas-solid catalytic reactions the activity of
the catalyst decreases with time~on~-stream. Such deactivation
might be the result of a number of side reactions, or presence
of pouonf in the fecd stream itself, Numerous studies [3-61,
both experimental and theoretical, have been reported in the
literature on this subject. In the evaluation of the performance
of a fixed bed reactor with oatalsat'ductivation. a knowledge
of the single pellet effectivensss factor is necessary., This
Gquantity depends upon time, intraparticle difiusion and reaction
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paremeters, and is a measure of the activity of the catalyst
pellet, The spalysis of an isothermal two dimensional fixed
bed remctor is earried out here using the effectivenesgs factors
obtained for a general order reaction in a single pellet, Th#
useful assumption that the rate of the main reaction is much
{aster than that of the fouling resction is made to simplify
the analysis.

6.31 Eormulntion of the problem

The gonservation equations for the resotant and earbo”

are as follows:

Lol

o -

-u 9 W= mmme P G - Rc] =
o8 ry drt Brt fy ot
[6.,22)
8 = 0y Cp = Cpyy RCTX<O, >0 (6423
d ¢, :
.= 0 =
t ’ > x,
LL<2<0, £>0 [6.24)
2 Gy
Ty = R, = O
: ° re

t=0, LE<B<O, RC<T<CO, Cp= O [6425)




CIC-Icr[l‘,l,tﬁ, r'.b

2 ¢

TR 0 o 0 {-6.281
Br. st

t-°| b(l’.(O. ClO

,earben balance

2

"p
a (" )- K, ['nc-ap] c}\"“j [gol-ap]ca

= R'

[6430]

where 8 a, represent the initial and poisoned areas and
A, TYepresents the area poisoned per mole of poison produced.
Equation [6430] ean also be written in terms of the amownt
of carbon deposited as,

(64317

t=0y wy=w,, =0 [6.32)

Equations [6,22) - [6,32) represent the mathematical




degeription of the process ocourring in a2 fixed bed reactor

operated iscthermally with catalyst desmctivation, In fixed

bed reactors with slow polsoning of catalyst, the time dependent
terms in Bquations [6,22) and [6,26) can be neglected, and
Equations (6,227 - (6,32 trensformed into dimensionless
fomsas follows.

rB Per dg £m 1
(6433

This eguation ean also be written in terms of the effectiveness
factor of the peliet as

> 1 2y 1«8 b¥gea \ n |
o Pe 2P £ d U '




o 1
Em 1y VYm == fa j [6.38
“fo
dv
ds "
garbon
k3 - : k3 N o =
9 A("'“)‘“’('—)'A*VB“ N o S §6¢"I01.
K, k, | o
wvhere
®p
¥y o= (1..---—> and v = kG, At 6.1
i )
2

In writing Equation [6,%0), the triangular self poisoning

scheme 1is assumed:

A

S
k, "
= X,;

B — = ¢
ka.,k\":.

where k,y k, and k3 are the surface rate constants om/see)
1
and kg 4y k;, and kvl are ‘as before Fbo volume baged

enstants [1/gee].

50302 .

For obtaining the expregsion for,effectivencss faotor
required in Equation [6,34], the pellet equations [6.377 -
(64417 have to be solved simultaneofisly, and for this purpose
numerical wmethods have to be employed. Following Bischoff [3)
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hovever, a solution of the form

'c [&’ t--l-'c [01

vig, t] = ¥ (6,437
; v, [0, 8] = v, (0] .

[where m 4is the order of the desctivating step), can be
used. Also, inverse proportionality between activity g
and carben content of catalyst may be assumed. Thus,
Equation (6,37 becomes

a? v

<
M* -
g

a €

édv -ﬁz( Yo

Nemn
) v =0 (6,44
dg v, [0, ¢]

If the main reaction 1s ntb order and the deactivation is

mtP order, the resultent system behaves ns a2 'n - o' = qu‘

order reasction. Deactivation may therefore be regarded as
& step which reduces the resction order; in other words it
tends to decresse [or smoothen! the effect of resctant

concentration,

Equation [6.44] can be transformed into the following

form:

- gf uq = 0 rb-hﬁj

using the transf{ormations

VE = v
and

1 = /Nem=i (6,46

172




with the boundary conditions

1
(1 = Vien=1)

d u
8 ® 0y == = 0, us=y, (6,487
d s

Bquation [6,45) 18 integrated :..;v:lco making use of the
Yo O

substitution V¥ = 1 -(;9-) and expressing the results |

in terms of incomplete ¢ functions [or hypergeometric series) f |

-1/2 = aihql {‘

| g J
ve Flhdeqrid vl - v ¥y thdogm 3y il

N and [6ak9)
q+1 I |

' 2 ol
5 .8 e Yo I
ay ""'"'"""q P py [l [1 - (—-‘r) :| [6450] [

The effectiveness factor for the pellet under deamctivation !‘;,‘
can then be found as :

=7
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3 2 yC) /2 wﬂ F1 ‘2 2" q+1 i %’ ‘Vs h |
=% @ ¥y g -3 |
Ye (0, ¢ 2(1=a) 1 L
(1 -y iy . S |
Tiemiie i
;1
rb.51] | :\
where y 4is obtained from Equation [6.50) and vy [0y t1 can

be found from Equation [6430) and [6.,43].
For parallel fouling, i

/2 /2 :
Vo 0y 81 = [2y, Kk, 80,1 =f2y, v (6,521 |

If we row make the assumption: q = 1, this equation reduces to

1/2 :
T=-n '
v 3y p ( Yo e p Yo y ‘ it 8
—— co - I

L vy [0, t) vy [0,1] i

il

(6453 I

|

The asymptotic solution of Eguation [6.53) can be obtained as ‘f

IR /N
Y © ¥ 1

aT

Bquation [6.54] 1s plotted in Pigure 6.1 for various values it |
of the parameter @,

The plots of effectiveness factor are similar to any ‘. H
normal plot for the M e« The v deereases with increase in
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time represented by the parameters Since an igothermic
sysiem is considered all the curves will naturally eonverge
80 m= 1, It may be noticed that these curves are straight
lines since they réepresent asymptotic solution,

For the case of strong pore mouth poisoning the grain
of the caulnt‘ particles is divided into two regions. The
system behaves similar to gag-solid nonecatalytic reactions,
:l‘ho'ouur shell is completely desctivated and no resction
occurs in it. The inner part of the grain remsins wnsffected

e.;_ " at its original activity and the resction occurs with the rate
: constant unaffected. The desctivated layer surrounding this
1' :'- inner region presents a diffusional resistance as 2 result
of which the concentration at the interface between poisoned
[: ‘I 1 and unmunod gones] is ne longer the equilibrium eoncentration
e Yo but a value y modified by the diffusional resistance.
| i The radius of the immer grain [ % ] go€s on shrinking, and a
f Thiele modulus (#4] charncteristic of the resction on the
S inner grain of the catalyst can be defined.

The dimensicnless eoncentration on the surface of the

i
irner grain cen be ealoulated on the basis of a mass balance
! through the diffusional film, If the éiffusivity is assumed
"AJ; to be the same, Equation [6.447 becomes
g {ﬁ ‘ e 2 Ay g -
- . ﬁ ’ — —t s .
= s S '
’ with the boundary condl tions
i
Em 1% vV s y
(18 | T o [6.56)
‘_._?::;- E = ﬁ ’ Yy = ’
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The eifectiveness factor for the pellet can then be caleulated

M I
3 E[y-'i"! 3 E(1 -y I
= A ol | [6.56) |
P [1-Ely # (1 «E3
i
Equation [6,58] can then be solved by a trial and error me thod. I -
. | 1S
in the process of deactivation, the effectiveness |

factor continuously decreases with time, so that the reaction JI ‘ :
passes from the kinetic regime [initially) to a strongly diffusion |
influenced regime. The apparent order of reaction changes "'5'--:.
83 & result of the transition. Tartarelll and Merelli [7)

have obtained an expression for the variation of the apparent
order of reamction with Thiele modulus. Following Wheeler [8) _
the apparent order can also be written as “ f;‘::: |

-1 4
. " EDEIRE. ! reess) |
2 éd1n g

Thus 1f the relationship between N and # 4s known (
Equation [6459] can be used to ealculate the apparent order il
of reaction. ;

Ge3el wmmm - % !.'gl'l .

Equation [6434) can be rewritten as

i

3 1 3 (1 -1, Il

- 4 - 15 - D. 'rl y. =0 [6.60) h ‘I
ox Pcf op £,

We seek the solution to this equation subjeet to the boundary




178

conditions (64357 and [6.36), in the form

= Jnpbhd
y [%, p] = Eg Xy [x] cos - (6,61

J=1

%0 that the boundary conditions [6.35) snd [6.36) are
automatically satisfied.

Let us suppose that the function [xy py t) regarded
s

3 as a function of p can be expanded in a Fourier series:

= Jnphbh
(% t) Ny (2, t1 cos —————— [6.62)
Xy Py = Z 4 ’ R 7
J=1
Substituting Lquation [6.6@7 in 6,61 and utilising the
result in Equation [6,62), we get
8 2
= s 1 Jnb
i [" Ky [ty 81+ = [-x) (=)
P‘f R
=1
1«1
B e n -1 Jaup b] Jupbd
ik [ — D x x cos B ——. cos e —r——————
£y . S J R R
[6.63)

Equation [6.63) can be solved when the order of the main
reaction [n? 1s known. GSolutions are presented here for

second and first order reactions.

For the second order case EqQuntion [6.63) becomes

G XwbX® a0 [6.64)
Peg
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I =1 N1 ®=pbd
B m  ewm——— ] n cos ( ) [6.65)
fB . < R

Equation (6,647 can be identified with the Riccati equation
the solution of which 1is cbtained as
Fg—— cos

£
y (2y p! =

1=-£ N1

) —_JfB I‘u Y]dcos (-FE; )
1 T x

1= ‘ -

( 1= exp (=7 /b Pe,) ) exp( Pe, )
x i
1 ' : 1
N 1 - >.xp (-— -I-—f-)q-
1-exp (=1 L/b Pe,). Pe,

1o k)

6,661

A relatively simple solution is obtained for the case

of a first order main reaction, Equation (64637 becomes

X + ———-fs)x-o (6.6
Pof

the golution to vhich is

oo

| P
Jrpbd B
y (2, p] » 12-1 exp [-RP. - D qu

2
£ Iy
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Equation [6,68) under conditions of no fouling reduces to
the well known simple form for a plug flow resctor:

I3

y (%, p] = exp (- [6.69

Equations [6.66) and [6.68) represent the concentration

profiles in a fixed bed reactor for second and first order
main reaction and are plotted in Figures 6.2 to 6.4,

The curve cbtained for M =1 coincides with the curve
3 cbtained by Masamume and Smith [9) at zero time. We have
previcusly obtained effectiveness factor as a function of time
[Equation (6,517, [6.54)) which shows that the effectiveness
factor continuously falls with time, hence the different curyes
obtained with various values of the effectiveness factor really
‘ correspond to the curves cbtained by Massmune and Smith at
\ different values of the time, Thus if the time from the gtart
3 of reaction is known, the effectiveness factor can be read from
Figure 6,1 and for the eorresponding value of M the concen-
tration can be obtained uging Figure 6.4,

3 The concept of an effectiveness factor ean thus be
Successfully employed in the amalysis of a two dimenaional
reactor. The concentration profiles obtained are more realistic

' than can be obtained using the one dimensional model,

) 6.3+4 Congecutive resotion

The selectivity of produet 2B in a consecutive
reaction A -~ B~ C occourring in a fixed bed resctor opersting
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under deactivating conditions can be found from the expressions
developed earlier in this chapter., Arassuming a first order
consecutive remction, Luss (9] has obtained the expression

for selectivity of a catalyst pearticle. For this general

case the selectivity in a fixed bed reactor when the Thiele
wodulus is high can be obtainqd as

il v e oig . wiee g e
1=A 1= tepr ®

[6.70)

For very large values of #, and §,, Equation [6.70] becomes

o - ()

1« A

-

")

where A = ( il) s and y, is the centre-plane concentration
2 ;

in the pellet at any axial and radial distance, ZIguation 6.70)

can be averaged over the entire bed length and diameter to get

the overall selectivity for the remction.

6oM LF LUENGE OF DISTRIBUTED CATALYST ACTIV]

© QL THE VRrUORIANSE OF A BINGIE PELIT WITE

GLIATAL O IS ITO TR, AT AFPIONINATE
a0 LUT 1014,

The influence of diffusion {a transport phenomenon)
on the intrinsic kinetics of a reaction [a chemical phenomenon)
on'.porous catalysts has been discussed extensively [for example,
10=-12] in the literature. A uniform distribution of catalyst
activity in the pellet was assumed in most of these developments,




Many industrially important resctions are however csrried out
on eatalysts having a spetially nonuniform activity distribution.
Thus Minhas and Carberry (137 reported the use of a partially il

impregnated catalyst for sulphur dioxide oxidation over

supported platinum eatalyst. Thelr results indicated the i
definite improvements in space-time-yield for the partially
impregnated catalysts, Oxidation of o-xylene te phthalie

anhydride and hydrogenation of acetylene in the presence of ff

2 large excess of ethylene are some of the other reactions

carried out on catalysts having nonuniforsm activity distri-
butions [14, 151,

The problem of evaluating the changes in performance
of a supported eatalyst with changes in the distribution of

catalytically active materiasl on an inert porous support |
has been analysed by Yazdi and Petersen [16) and Corbett and k
Luss [17]. The exponential variation of catalyst activity
with the activity decreasing towards the centre of the pellet,
and the rate constant density functions were employed in their

analysis and linear kinetics was sssumed. The general conclu-
sions are in lavour of the gelectivity for a consecutive
reaction though congentrating the activity in the extemal

shell ylelds minimal resistance to demctivation. The specifie
deactivation mechanism, the rates of the main and the fouling
reactions and the diffusional resistances involved have a
marked infiuvence on the activity profile.

Further the cost of
regeneration of catalyst goes a long way in deciding on the
optinum activity profile.

Neverthless the general conclusions

geenm to be in favour of catalyst with nonuniform entalyst deposition,. ﬂﬁ




in the analysis presented in this section, general
order kinetics, which 13 more commonly encountered than
linear kinetics, is considered. Exponential variation of
catalyst sctivity, with the activity decreasing with increasing
distance from the surface, is assumed, The governing ecustions
for slab geometry are then transformed into Enden-Fowler
type of equations anﬁlslamptotic solutions are presented
which extend the validity of the conelusions stated above

to general order resctions as well.

6.%.1 Formulation of the problem

‘he mass conservation eguation for the reactant A
for the case of difiusion and reaction through a pellet with
varying activity takes the general form

d S ]
d C, n >
B, —3 = K40, a Mz "6.71)
x
R
¢, = C, 4, x=1l [6.72]
ac,
o = 0' X = 0 !—-6'?31
d x

If the activity profile 'a' in the pellet is known, then
Equation (6,717 can be golved for a specific case. Thus
Yazdi and Petersen (16! have considered the exponential
variation in sctivity and solved the equation for a first

order ccnsecutive reaction. Kasaoka and Sakata (187 have

e i ———— | —




ecnsidered various other activity prefiles and Corbett and
Luss [17) have employed the rate constant density function
with a first order main reaction., In this snalysis a genersl
order reaction is considered., In general the setivity
distribution in a pellet ean be expressed as (%)g, vhere «
is some exponent, as indicated in ref, [16), Thus Equation
[6e71] 18 more genersl and deseribes the physical situstion
‘for a variety of reactions. The asymptotic behaviour of this
equeation is examined here which verifies the previocusly known

conclusions,

Equation [64,717 ecan be trenaformed into dimensionless

forn as

dzw 2 n

: - = vy =0 (6747
a3y
v = 1, §y = 1 [6.75]
d v
— w0, y=- o [6,76)
d x

where m = = (4 & o

A solution to this equation is nmusumed in the form
w = P§Cy [6477]

where C and u are constants. Substituting Equation [6.77)

in (64741, these constants are evaluated as
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/=1
~ - - —L
[-.m + 2l lmon « 1) ] g L]
¥ ¢ = = y s R E1
- 11° :
, [6.78)
me+ 21
U & - —
n-1
The solution to Equation [6.74] then becomes
1/n=1 2
ol Lo
me 2l fmen « 1 N n=1
n -1

dince only the real continucus solutions are considered,

the arithmetic nature of n lorder of the main reaction’ will
have considerable influence upon the possible types of

' proper solutions.' It 1is clear that, in general, because of
the presence of the term un, the solutions must be positive,
As can be seen from Equation (64781, the solution [6.797 to
Equation [6,74] exists only if Mm + 2) Mmens 130,
Various other asymptotic solutions are obtained for different

values of the exponents fn, m) and are given belovw.

M If men+ 1 ¢ 02

f] HéT‘ . gfén g4 Eé?
¥

m+ 2 Tmen«1
W= V4 [ 6,801

[r - 1)°

rai If m+2<0<m+mna+ 12




o

f

i+ 2

#2 a® y | ‘
a + (1«0 (VD] [6.,81)
(m+ 1] (m + 2)

(3 If m+ 2 >0t

e 2 - 022 wr

ne-1 n=-1
m+ 2] fmen « 1 ne=1

. r 1

Most of the practical systemsfollow Equation [6.817:

The effectiveness factor for the pellet can now be
caloulated as

-4 1 [ A [ 3‘} [6483)
'Tl. - — e s = —— a. s 0 1 ! &
ﬁa dy ¢2 2 m o+ 1

}‘::1
vhere a, can be found from the equation

ag ¢2

— (140 Ml enayg=1 = 0 (6,84
fm+ 11 [m + 2]

The agymptotic expression for the case of a general order
reaction with uniform catalyst activity can be used to study
the effect of various other activity profiles. The result

can be expressed as the retio

i nonuniform 3 3
= - =

M uniform m+1 o+ 3

[6.85])

Equation [6.85) shows that with increase in the exponent o

oo
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the effectiveness factor for nonuniform eatalyst decreases,

“Lle2s concentrating the activity in the exterior shell of

the entalyst weakens the registance to deactivation,

6.he2 Jelf fouling reactiong

The conservation equations for s self deactivating
general order reaction A -5 - C gan be written in

dimensionless form with the boundary conditions as

2
€ % I ek i n :
. ya -#, ¥y 1« ub? v, = 0
d2 W, .
e 2 ™1 14 6.86"
ay* =Py ¥ " R oV [ npm—
a® v,

o
g2 T RARIY &S /
d W, d w, .
o = = e = 0' }'—0‘
dy ady

&
2" T % =0y e [6487]
; 14 0

we = Q’ = §

Equation [6.,86] can be solved subject to boundary conditions

(687} for large values of « [« > 0], when V, ocan be

assumed to be independent of the distance parameter to give




e asm—

a' n me 2
g, 8, ¥
8 &
Wy, ® &, ¢ S [1 +0 511]
fm+ 1] (m « 21
W, = 1 = v, -
[6.88"
and
. .
. [ 2 ¢ d (1«8, J
(1 - w = OXD |- o
. L {de 1 [1e2d Y

[6.897

where

fé’ = P /1-Vc

Since « 4is always a positive guantity, [1 < “bj decreases

with time 0.

ihe effectiveness factor for the system can be defined

2« o 12

n

2

M = exp l:- G} ?6.90"’
a+ 1

The following relationship between the effectiveness
factors for nonuniforsm and uniform activity can be readily
written:

"\ nonuniform ! 2+ o

= g,
a
I{QID ( )8 [2 -
Y i Ed - 11 r1 + 2 o1

[ 6491

N uniform

As the value of +« increases, the eifectiveness factor with

Iy
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nonunifomm catalyst activity decreases, indicating again

with the resistance to deactivation is minimised by increasing «.

The conelusion that the resistance to deactivation is
ainimised by concentrating the activity in the exterior shell
of the catalyst is thus verified for the case of a general
order reaction. The expressions developed earlier were
restricted to the first order remction system and this enalysis
extendsthe validity to a general order scheme.

|
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HOTATION

| |

‘1 8g98 initial and poisoned ares, om? ﬁ

J Aw area poisoncd per mole of poison, claj,g mole i

' b particle diameter, cm ii!;‘
Cpoly concentration of A and B speecies, g mole/cnd i”
Gr concentration of fluid, g mlo/’o:] l
Cq econcentration in the solid, g mle/cn3 Li 1
Py Danmkohler number I!:il ’
D, effective diffusivity, enaj sec ! d
Dg diffusivity in fluid phase, gnaluo I_l I
£, void fractions "
¥ hypergeometric series Ii |
G mass flow rate, g/sec |
kyq1kyps volume based rate cﬁnstants. sec™! | i .
k'3 |i‘ I

k1 ,kz,k3 gurface rate constants, em/sec Hilﬂl

l L 4
men orders of resctions ‘ e

Peg fluid Peclet number
p dimensionless radial parameter r
ife] rate of reactions ‘

' 5, radial parameter for solid phese, om H

Ty radial parameter of reactor, cm




[6447) | '

s dimensionless parameter defined by Equation i
5 gelectivity defined by Equation [6.70) .1 |
v dimensionless concentration in the solid phase
v, dimengionless carbon concentration I.
y dimensionless concentration in fluid phase i !
x dimensionless axiasl distance pax':;meter | I
3 distance parameter, om 1!':“ {
X defined by Equation [6.61) i!

|

|

Greek svmbols I

II

4 and 7’ defined by Equation [6.41)

¢ Thiele modulus .|!.
i effectiveness factor il

|

& dimensiconless radial parsmeter in solid ‘|ﬂi

Y defined by Equation [6.49] ||‘

b defined by Equation [6.65) il

il

' §n P ' . ‘M

S ",‘
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Consider the case of absorption of gas A in a liquid B,
where an irreversible reaction A + 2B - Y P takes place. |

This problem has been snalysed by Decoursey, using the conven- 3-

—

~ tional boundary conditions, in the light of Denckwerts theory.

Using the kinetiec boundary condition at the interface and ; ‘
following Decoursey [1974] the following egqustions can be |f
written: |‘
il
> 7} du 'a oA “li\
I-’ v - | P‘Lo.‘ I
I
il
t=0, X>0, u=u, = B, - zA [4.2) '
(!

X : t > 0,. X=e, = e T&.31_ '
‘ I
au %P qa |
t>0, x=0, A=Ay, = -2 (AN |
d x Dy dx |
I
|

& = BDe-gA [.:q.nﬂ | '
‘ il
: The solution to this equation can be obtained as |
. |
y l: A) o DAA T ka) [A.6) |
=g EfA, - | & B S :l.xp (— LeO! .
!
wvhere bar denotes the lapkke transformed quantity. ‘
\
Equation (A.6] evaluated at the interface can be ‘I




rearranged using the equality

B
o ’a o
= E_ = 1 ’-'ﬁo?
8
8 Ay
to give
5 1 2 A )
“o k. D xk Bo
1+r‘—&hiexp<— -TLJ
L 5B P4

1 : X kp
-+ [1 - % exp (— )] [A.8)
B~ 1 D

Expressing the concentration of B in the film es

Bo, the enhsncement fact.ér is obtained as

s - /2
E = [1 .M ELJ [4.9)
L+

which can be rearranged to give

H . B Ay \
E= <1 1o (1. & «sh)
{ *]B r exp [-sh] [ 3 ( P e )

o b

o
/2
1 - ;
+ ( 1-% exp F-nlﬂ) [A+10)
E -1 )
a
For sh - o, this equation reduces to ‘
B, = B\ 1/2 e
> T+ M | ——— LA11
= = . 4 E. s 1

which is the equation cbtained by Decoursey [1974],
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. The equaticon

€v 2 av 2 B
d'—-a— ¢ = wne o vy =0 B.1)
x

x5 '

répregents a number of physical situations occurring in i

i

J chenical engineering., An anslytical solution to Equation "8,1) ;ﬁ' ‘
;

' can be given for a simple first order resetion., Jor a nenlinear ’:\
Feaction source term, analytical solution to Equation [B.1) I

is not possible and hence numerical evaluation becomcs necessary . I

Equation [8.,17 13 an ordinary nenlinear differentisl eguation !l
which can be reduced to a different form of the first order “
| equation. In the event the first order differential equation
cannot be sclved in terus of the elementary funcetions, which
is frequently the Gase, its direction field ean be gketched

in the phase plane and qualitative information sbout the |
sclutions can be obtained from the study of the singularitics I
and integral curves of these first order differential egquations.
' in the phage plane analysis, particularly useful for autonomous |
differential equations, the dependent warisble and its first I

derivative are used as coordinates. The independent variable ||‘
does not appear explicitly. The phase plane however loseg ﬁlJ
much of its importance when the equation studied is not (
autonomous. We employ here an alternative method based on the il

Lie theory of one parsmeter LTOUD. l

fhis wethod 1s besed on the faet that when an invarisnt u l




S T —— .

and a first differential invariant v are substituted in the

9201 5=

original nonlinear equation, the resulting equation in u and

v 1is {irst order. The invarisnt v of the group is a funct

ion

of [wy x!, and the first differential invariant v, a function

of (W, v and x). The invariant u and the first differential

invariant v are tabulated for systems of differentisl
equations [Cohen, 1971) and for the Equation under considerat

¢an be obtained as

rs.21
N+l /N1 adw

v e (x dx

Differentiating Equation [B.21 and dividing one by the other

glves
n+1

n=1 .2

=

; -3/ 1 w2/
5_‘7[:1”""“&1 Ao, ©¥

2

Substituting for :—-! from Equation [B.1), Equation [B.3)
. X
can be rearranged as

+ 1 1
—:_-—{[xlzln- £, (x

=3
o
- § -]

[B.3]

o
e

=1 2 n .
:—- = ° = - P [..Bo"ﬂ
u < f, lu,v
u = ékl v : 2 g

L}

Equation [B.4] 1s a first order differential equation and csn
be plotted in the u v plane, We search for all the points

ion
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through which the trajsctories will have the same slope. If

this slope is s then |

|

n=1 n |

3-n| Y* 5 p? u ,J

: = 8 :r'f"-o.J :

2 i |
u * s g

= 2 @ 0 020- 15
represents all points at which the slope should be s, The

] integral curves can then be drawn ona u v plane, For

; specific values of mn, it i somotimes possible to integrate

,' Equation [D.4] analytically and an explicit relationship ecan

| be obtained betwsen the dependent and independent variables.

For m = 2, Zquation (5.2 can be written as

v d w/d x -3/2 4 w (8.6) ,
—37- = = W —— L
us/ @ ;;5 x '
_ 3/3
The term [w/m 1 can be treated as constant, in the neighbour-
' “hood of a singularity and thus can be integrated to give |

S

t after some manipulation

v = 2w (B.77

Equation [B.,4] can now be simpliried to give '|

2
6x' Vo223 4 325(4) - 848 |

where b 1is ® constant of integration. For finite values ‘

of by as x - 0, all the terms in Equation [B.8) cannot

vanish and no matter which term we choose the relation v = 1'2

holds as x -~ 0. Thus "




o= 32 ¥y = constant as x -~ 0

and the value of u can be obtained from Equation [B.8) as
(18 =282 ul u® = » [(849)

In the cagse when analytical integration of Equation 5N
is not possible, qualitative information like Rquation 8.9)
can be cbtained to aid the analysis,

Alternatively Equation B.M] can be transformed inteo

a more suitable form by using the transformations

AR X - [8.107

asg
. 4 3+nx-9%y g FaTRTes [(8.11)
prpeg X 2 » X [ ] F)
d PPY =1 =« X a X+b Y« C

Equation [B.,11] is of the standard type studied by Poinecare
and has been discussed by Jomes (19531,

The singular points for n = 2, ¢an be obtained as

x=0, w=0 Saddle [«-17
x=0, wu3/p Saddle [=1]
X2=l, w=s0 Node M+1)
/
5 ol
X= =
TS
. Saddle =11
Vs e et

(2 9%+ 3)




5 x = o, wWx = 0 Node [+1)
* x = o, wx = 3/2 92 jode [+1)
‘l‘ ' x/w = 0O, v = 0 liode {'_-4»1]

y when, for a particular value of n, all the singularities are

- determined the integral curves can be sketched relatively
easily and qualitative information like the oscillatery .
; nsture of the solution, their stability, asymptotic limits, |

" roots and singularities, can be obtained.

For specific values of n and P these curves can be

traced following the method deseribed by Jones (19531,
e
The application of the Lie theory of one paramater

‘ group 1s demonstrated here to the solutiocn of a general

equation which describes a number of physical situations
in chemical engireering.

Jones, Pes Cuey Proc. lioy. S50cC«, A - m. 327 [1953]0
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